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:H LQWURGXFH D FU\SWRJUDSKLFDOO\ EDVHG FRXQWHUPHD�
VXUH DJDLQVW FRQQHFWLRQ GHSOHWLRQ DWWDFNV� &RQQHFWLRQ
GHSOHWLRQ LV D GHQLDO�RI�VHUYLFH DWWDFN LQ ZKLFK DQ DW�
WDFNHU VHHNV WR LQLWLDWH DQG OHDYH XQUHVROYHG D ODUJH
QXPEHU RI FRQQHFWLRQ UHTXHVWV WR D VHUYHU� H[KDXVWLQJ
LWV UHVRXUFHV DQG UHQGHULQJ LW LQFDSDEOH RI VHUYLFLQJ OH�
JLWLPDWH UHTXHVWV� 7&3 6<1 qRRGLQJ LV D ZHOO�NQRZQ
H[DPSOH RI VXFK DQ DWWDFN� :H LQWURGXFH D FRXQWHU�
PHDVXUH WKDW ZH UHIHU WR DV D FOLHQW SX]]OH SURWRFRO�
7KH EDVLF LGHD LV DV IROORZV� :KHQ D VHUYHU FRPHV
XQGHU DWWDFN� LW GLVWULEXWHV VPDOO FU\SWRJUDSKLF SX]]OHV
WR FOLHQWV PDNLQJ VHUYLFH UHTXHVWV� 7R FRPSOHWH LWV UH�
TXHVW� D FOLHQW PXVW VROYH LWV SX]]OH FRUUHFWO\� ,Q WKLV
SDSHU� ZH GHVFULEH WKH FOLHQW SX]]OH SURWRFRO DQG LWV
SURSHU SDUDPHWHUL]DWLRQ� DQG JLYH D ULJRURXV SURRI RI
LWV VHFXULW\ FKDUDFWHULVWLFV�

� , QWU RGXFWLRQ

7KH ,QWHUQHW KDV IXOpOOHG PXFK RI LWV HDUO\ SURPLVH RI
HQDEOLQJ D VLQJOH FRPSXWHU WR VHUYLFH WKH UHTXHVWV RI
PDQ\ PLOOLRQV RI JHRJUDSKLFDOO\ GLVSHUVHG XVHUV� ,Q
FRQVHTXHQFH� KRZHYHU� WKH ,QWHUQHW KDV LQWURGXFHG VH�
FXULW\ FRQFHUQV RI D QHZ PDJQLWXGH� PDNLQJ D VLQJOH
FRPSXWHU SRWHQWLDOO\ YXOQHUDEOH WR DWWDFN IURP PDQ\
PLOOLRQV RI VRXUFHV� $V D QXPEHU RI UHFHQW LQFLGHQWV
KDYH LOOXVWUDWHG� HYHQ LI D VHUYHU LV HoHFWLYHO\ SURWHFWHG
DJDLQVW LQWUXVLYH VHFXULW\ EUHDFKHV� LW PD\ VWLOO EH YXO�
QHUDEOH WR D UDQJH RI GHQLDO�RI�VHUYLFH DWWDFNV� VXFK DV
FRQQHFWLRQ GHSOHWLRQ DWWDFNV� $ FRQQHFWLRQ GHSOHWLRQ
DWWDFN LV RQH LQ ZKLFK WKH DWWDFNHU VHHNV WR LQLWLDWH DQG
OHDYH XQUHVROYHG D ODUJH QXPEHU RI FRQQHFWLRQ �RU VHU�
YLFH� UHTXHVWV WR D VHUYHU� H[KDXVWLQJ LWV UHVRXUFHV DQG
UHQGHULQJ LW LQFDSDEOH RI VHUYLFLQJ OHJLWLPDWH UHTXHVWV�

7KH ZHOO�NQRZQ 7&3 6<1 qRRGLQJ DWWDFN LV RQH RI WKH
EHVW SXEOLFL]HG RI WKHVH DWWDFNV� 2WKHU DWWDFNV LQ WKH
VDPH JHQUH LQFOXGH VR�FDOOHG ?H�PDLO ERPE� DWWDFNV�
LQ ZKLFK PDQ\ WKRXVDQGV RI H�PDLO GHOLYHULHV DUH GL�
UHFWHG DW D VLQJOH WDUJHW� DV ZHOO DV DWWDFNV PRXQWHG
XVLQJ KLJK YROXPH UHDG RU ZULWH WUDrF YLD )73 FRQ�
QHFWLRQV ZLWK WKH DLP RI VDWXUDWLQJ VWRUDJH VSDFH RU
EDQGZLGWK� $OVR SRWHQWLDOO\ YXOQHUDEOH WR VHULRXV FRQ�
QHFWLRQ GHSOHWLRQ DWWDFNV LV WKH 66/ �6HFXUH 6RFNHW
/D\HU� SURWRFRO >��@�

,Q WKLV SDSHU� ZH SUHVHQW D QHZ DSSURDFK WKDW ZH
UHIHU WR DV WKH FOLHQW SX]]OH SURWRFRO� WKH DLP RI ZKLFK
LV WR GHIHQG DJDLQVW FRQQHFWLRQ GHSOHWLRQ DWWDFNV� 7KH
LGHD LV TXLWH VLPSOH� :KHQ WKHUH LV QR HYLGHQFH RI
DWWDFN� D VHUYHU DFFHSWV FRQQHFWLRQ UHTXHVWV QRUPDOO\�
WKDW LV� LQGLVFULPLQDWHO\� :KHQ D VHUYHU FRPHV XQGHU
DWWDFN� LW DFFHSWV FRQQHFWLRQV VHOHFWLYHO\� ,Q SDUWLFX�
ODU� WKH VHUYHU KDQGV RXW WR HDFK FOLHQW ZLVKLQJ WR PDNH
D FRQQHFWLRQ D XQLTXH FOLHQW SX]]OH� $ FOLHQW SX]]OH LV
DQ TXLFNO\ FRPSXWDEOH FU\SWRJUDSKLF SUREOHP IRUPX�
ODWHG XVLQJ WKH WLPH� D VHUYHU VHFUHW� DQG DGGLWLRQDO
FOLHQW UHTXHVW LQIRUPDWLRQ� ,Q RUGHU WR KDYH VHUYHU UH�
VRXUFHV DOORFDWHG WR LW IRU D FRQQHFWLRQ� WKH FOLHQW PXVW
VXEPLW WR WKH VHUYHU D FRUUHFW VROXWLRQ WR WKH SX]]OH LW
KDV EHHQ JLYHQ� &OLHQW SX]]OHV DUH GHSOR\HG LQ FRQMXQF�
WLRQ ZLWK FRQYHQWLRQDO WLPH�RXWV RQ VHUYHU UHVRXUFHV�
7KXV� ZKLOH OHJLWLPDWH FOLHQWV ZLOO H[SHULHQFH RQO\ D
VPDOO GHJUDGDWLRQ LQ FRQQHFWLRQ WLPH ZKHQ D VHUYHU
FRPHV XQGHU DWWDFN� DQ DWWDFNHU PXVW KDYH DFFHVV WR
ODUJH FRPSXWDWLRQDO UHVRXUFHV WR FUHDWH DQ LQWHUUXS�
WLRQ LQ VHUYLFH� &U\SWRJUDSKLF SX]]OHV KDYH EHHQ XVHG
LQ WKH OLWHUDWXUH IRU VHYHUDO UHODWHG WDVNV� VXFK DV GH�
IHQGLQJ DJDLQVW MXQN H�PDLO >��@� FUHDWLQJ GLJLWDO WLPH
FDSVXOHV >��@� DQG PHWHULQJ :HE VLWH XVDJH >��@�



��� 7 &3 6<1 qRRGLQJ

7KH 7&3 6<1 qRRGLQJ DWWDFN VHUYHV DV D JRRG H[DP�
SOH WR LOOXVWUDWH VRPH RI WKH LVVXHV VXUURXQGLQJ FRQQHF�
WLRQ GHSOHWLRQ DWWDFNV� DV ZHOO DV VRPH RI WKH SURSRVHG
GHIHQVHV�
2Q WKH ��WK 6HSWHPEHU ����� WKH 1HZ <RUN 7LPHV

>�@ DQG RWKHU PDMRU QHZVSDSHUV� H�J�� >��@� UHSRUWHG
WKDW D KDFNHU PRXQWLQJ D 7&3 6<1 qRRGLQJ DWWDFN
KDG VXFFHHGHG LQ FULSSOLQJ 3DQL[� D PDMRU 1HZ <RUN
,QWHUQHW VHUYLFH SURYLGHU� /DWHU WKDW PRQWK� WKH :HE
VLWH RI WKH 1HZ <RUN 7LPHV LWVHOI ZDV WKH WDUJHW RI D
VLPLODU DWWDFN >�@� DQG RWKHU VHULRXV DWWDFNV IROORZHG�
VXFK DV WKDW DJDLQVW :HE&RP >�@� ,Q UHVSRQVH WR WKH
3DQL[ DWWDFN� &(57 >�@ LVVXHG DQ DGYLVRU\ VWDWLQJ
WKDW DXWRPDWHG WRROV IRU PRXQWLQJ WKH 7&3 6<1 DW�
WDFN KDG EHHQ SXEOLVKHG E\ VHYHUDO XQGHUJURXQG PDJD�
]LQHV� DQG DOVR ZDUQLQJ RI SRVVLEOH IXWXUH DWWDFNV� 7KH
&(57 UHSRUW LQGLFDWHG WKDW� ?7KHUH LV� DV \HW� QR FRP�
SOHWH VROXWLRQ IRU WKLV SUREOHP��
7KH 7&3 6<1 qRRGLQJ DWWDFN DLPV WR H[SORLW D

ZHDNQHVV LQ WKH 7&3 FRQQHFWLRQ HVWDEOLVKPHQW SURWR�
FRO ZKHUHE\ D FRQQHFWLRQ PD\ EH OHIW ?KDOI�RSHQ�� 7KH
SURWRFRO QRUPDOO\ SURFHHGV DV D WKUHH�ZD\ KDQGVKDNH�
$ FOLHQW ZLVKLQJ WR LQLWLDWH D 7&3 FRQQHFWLRQ ZLWK
D VHUYHU EHJLQV E\ VHQGLQJ WKH VHUYHU D 6<1 PHVVDJH�
7KH VHUYHU UHSOLHV WR WKH FOLHQW E\ VHQGLQJ D 6<1�$&.
PHVVDJH� DQG WKHQ SUHSDUHV WKH FRQQHFWLRQ E\ DOORFDW�
LQJ EXoHU VSDFH� 7KH FOLHQW FRPSOHWHV WKH SURWRFRO E\
UHVSRQGLQJ ZLWK DQ $&. PHVVDJH� $W WKLV SRLQW� WKH
FRQQHFWLRQ LV HVWDEOLVKHG� DQG VHUYLFH�VSHFLpF GDWD FDQ
EH H[FKDQJHG EHWZHHQ FOLHQW DQG VHUYHU� )XOO GHWDLOV
RI WKH 7&3 SURWRFRO DUH DYDLODEOH DW >�@� 7R PRXQW
D 7&3 6<1 qRRGLQJ DWWDFN� WKH DWWDFNHU LQLWLDWHV D
ODUJH QXPEHU RI FRQQHFWLRQV� EXW OHDYHV WKHP XQFRP�
SOHWHG� ,Q RWKHU ZRUGV� WKH DWWDFNHU UHSHDWHGO\ IDLOV
WR VHQG WKH pQDO $&. PHVVDJH ZKLFK FRPSOHWHV WKH
FRQQHFWLRQ� 6LQFH WKH VHUYHU DOORFDWHV EXoHU VSDFH IRU
HDFK LQFRPSOHWH FRQQHFWLRQ� WKH DWWDFNHU PD\ H[KDXVW
VHUYHU PHPRU\ GHVLJQDWHG IRU 7&3 UHTXHVWV� FDXVLQJ
WKH VHUYHU WR GHQ\ OHJLWLPDWH FRQQHFWLRQ UHTXHVWV� $
PRUH GHWDLOHG GHVFULSWLRQ RI WKH DWWDFN PD\ EH IRXQG
LQ >�@ RU >�@�
1RWH WKDW ZKHQ XVHG� DV LV FRPPRQ� ZLWKRXW FOLHQW�

VLGH FHUWLpFDWHV� WKH 66/ SURWRFRO >��@ LV VXEMHFW WR D
VLPLODU IRUP RI FRQQHFWLRQ GHSOHWLRQ DWWDFN� $ FRQQHF�
WLRQ GHSOHWLRQ DWWDFN DJDLQVW 66/� KRZHYHU� LV PRUH
HoHFWLYH ZKHQ EDVHG RQ H[KDXVWLRQ RI WKH FRPSXWD�
WLRQDO� UDWKHU WKDQ WKH PHPRU\ UHVRXUFHV RI D VHUYHU�
7KLV LV EHFDXVH WKH 66/ SURWRFRO UHTXLUHV WKH VHUYHU WR
SHUIRUP D FRPSXWDWLRQDOO\ H[SHQVLYH SXEOLF�NH\�EDVHG
GHFU\SWLRQ RSHUDWLRQ� $Q DWWDFNHU PD\ VHHN WR H[SORLW
WKLV IHDWXUH DQG RYHUORDG D VHUYHU E\ LQLWLDWLQJ PDQ\
LQYDOLG 66/ FRQQHFWLRQV� &RQQHFWLRQ GHSOHWLRQ DWWDFNV

DJDLQVW 66/ DUH OHVV ZHOO�VWXGLHG WKDQ WKRVH DJDLQVW
7&3� SHUKDSV EHFDXVH 66/ LV D QHZHU SURWRFRO�

$ QXPEHU RI PHFKDQLVPV KDYH EHHQ SURSRVHG WR GH�
IHQG DJDLQVW WKH 7&3 6<1 DWWDFN� 0RVW RI WKHVH DUH
EDVHG RQ RQH RI WKUHH GLoHUHQW DSSURDFKHV� WLPH�RXW�
UDQGRP GURSSLQJ� RU ?V\QFRRNLHV�� 7KH WLPH�RXW DS�
SURDFK GLVFDUGV D KDOI�RSHQHG 7&3 FRQQHFWLRQ DIWHU D
VKRUW SHULRG RI WLPH LI WKH $&. SDFNHW IURP WKH FOLHQW
KDV QRW EHHQ UHFHLYHG� :KLOH HDV\ WR LPSOHPHQW LQ
H[LVWLQJ 7&3 VHUYHUV� WKLV DSSURDFK FDQ EH GHIHDWHG
E\ DQ DWWDFNHU ZKR VHQGV WKH 6<1 SDFNHWV DW D UDWH
IDVW HQRXJK WR pOO WKH FRQQHFWLRQ EXoHU� 0RUHRYHU�
D VKRUW WLPH�RXW PD\ EH SUREOHPDWLF IRU OHJLWLPDWH
XVHUV ZKRVH QHWZRUN FRQQHFWLRQV KDYH ORQJ ODWHQF\� ,Q
WKH UDQGRP GURSSLQJ DSSURDFK� KDOI�RSHQ FRQQHFWLRQV
DUH GLVFDUGHG DW UDQGRP ZKHQ WKH FRQQHFWLRQ EXoHU
UHDFKHV D FHUWDLQ SHUFHQWDJH RI LWV FDSDFLW\� 7KLV SUH�
YHQWV D FRPSOHWH GHQLDO RI VHUYLFH� VLQFH WKH VHUYHU
EXoHU LV QHYHU FRPSOHWHO\ IXOO� 2Q WKH RWKHU KDQG�
OHJLWLPDWH FRQQHFWLRQV DUH DV OLNHO\ WR EH GLVFDUGHG DV
WKRVH RI DQ DWWDFNHU� VR VXEVWDQWLDO GHJUDGDWLRQ LQ VHU�
YLFH PD\ UHVXOW� 7KLV LV SDUWLFXODUO\ WKH FDVH ZKHQ
WKH DWWDFNHU LV FDSDEOH RI VHQGLQJ VHUYLFH UHTXHVWV DW
D VXEVWDQWLDOO\ KLJKHU UDWH WKDQ OHJLWLPDWH XVHUV� DV LV
SRVVLEOH LQ VXFK HQYLURQPHQWV DV DQ LQWHUQDO QHWZRUN�

7R GDWH� WKH PRVW VXFFHVVIXO GHIHQVH DJDLQVW 7&3
6<1 qRRGLQJ KDV EHHQ WKH XVH RI VR�FDOOHG ?V\QFRRN�
LHV�� ,Q WKH V\QFRRNLH DSSURDFK� IRU HDFK FOLHQW UHTXHVW
L� WKH VHUYHU VHWV WKH VHTXHQFH QXPEHU LQ LWV 6<1�$&.
PHVVDJH WR D YDOXH 9L FDOFXODWHG E\ KDVKLQJ YDULRXV
FRQQHFWLRQ SDUDPHWHUV ZLWK D VHFUHW YDOXH NQRZQ RQO\
WR WKH VHUYHU� 2QO\ XSRQ UHFHLYLQJ DQ $&. FRQWDLQLQJ
9L IURP WKH FOLHQW PDNLQJ UHTXHVW L GRHV WKH VHUYHU DO�
ORFDWH UHVRXUFHV IRU WKH FRQQHFWLRQ� 7KH SULPDU\ OLPL�
WDWLRQ RI WKH V\QFRRNLH DSSURDFK LV LWV DVVXPSWLRQ WKDW
DQ DWWDFNHU SHUIRUPLQJ ,3 VSRRpQJ ZLOO QRW UHFHLYH WKH
6<1�$&. PHVVDJH VHQW WR WKH VSRRIHG DGGUHVV� DQG
WKHUHIRUH ZLOO QRW EH DEOH WR SURYLGH WKH VHUYHU ZLWK
WKH YDOXH 9L� 7KLV DVVXPSWLRQ LV QRW DOZD\V FRUUHFW�
SDUWLFXODUO\ RQ DQ LQWHUQDO QHWZRUN� VXFK DV DQ (WK�
HUQHW� RQ ZKLFK LQWHUFHSWLQJ SDFNHWV LV UHODWLYHO\ HDV\�
7KH ,6$.03 NH\ PDQDJHPHQW SURWRFRO� XVHG LQ WKH
,(7)
V ,3 6HFXULW\ VWDQGDUG� SURYLGHV IRU WKH XVH RI
FRRNLHV WR GHIHQG DJDLQVW 7&3 6<1 DWWDFNV >��@� 7KH
GHWDLOV RI WKLV DSSURDFK DUH GHVFULEHG LQ� H�J�� >�� ��@�

��� $GYDQWDJHV RI FOLHQW SX]]OHV

7KH DSSURDFKHV GHVFULEHG DERYH IRU GHIHQGLQJ DJDLQVW
7&3 6<1 qRRGLQJ� QDPHO\ WKH V\QFRRNLH DQG GURSSHG
FRQQHFWLRQ VFKHPHV� FDQ RI FRXUVH EH DSSOLHG WR DQ\
XQGHUO\LQJ VHUYLFH SURWRFRO YXOQHUDEOH WR D FRQQHFWLRQ
GHSOHWLRQ DWWDFN� LQFOXGLQJ WKRVH PHQWLRQHG DERYH�



7KH FOLHQW SX]]OH SURWRFRO KDV VHYHUDO DGYDQWDJHV RYHU
RWKHU VXFK GHIHQVHV� 0RVW LPSRUWDQW LV LWV UREXVW�
QHVV LQ D VWURQJHU DWWDFN PRGHO WKDQ WKH VWDQGDUG DS�
SURDFKHV� 5HFDOO WKDW WKH V\QFRRNLH DSSURDFK WR GH�
IHQGLQJ DJDLQVW 7&3 6<1 qRRGLQJ �DQG RWKHU FRQQHF�
WLRQ GHSOHWLRQ DWWDFNV� SUHVXPHV WKDW DQ DWWDFNHU FDQ�
QRW LQWHUFHSW PHVVDJHV VHQW WR VSRRIHG ,3 DGGUHVVHV�
7KH FOLHQW SX]]OH SURWRFRO UHTXLUHV QR VXFK DVVXPS�
WLRQ� DQG LV WKHUHIRUH XVHIXO IRU GHIHQGLQJ DJDLQVW LQ�
WHUQDO DWWDFNV LQ FDVHV ZKHUH WKH V\QFRRNLH DSSURDFK
IDLOV� 6LPLODUO\� WKH FOLHQW SX]]OH SURWRFRO LV FDSD�
EOH RI KDQGOLQJ DWWDFNV PRXQWHG DW YHU\ KLJK VSHHGV�
ZKLFK WKH GURSSHG FRQQHFWLRQ DSSURDFKHV FDQQRW DO�
ZD\V GR HoHFWLYHO\� 7KH FOLHQW SX]]OH SURWRFRO DOVR DO�
ORZV IRU JUDFHIXO GHJUDGDWLRQ LQ VHUYLFH ZKHQ DQ DWWDFN
LV PRXQWHG� WKH VL]H RI WKH SX]]OHV FDQ EH LQFUHDVHG DV
DQ DWWDFN EHFRPHV PRUH VHYHUH� 7KLV PDNHV WKH SURWR�
FRO TXLWH qH[LEOH� 7KH FOLHQW SX]]OH SURWRFRO FDQ HLWKHU
EH EXLOW VWUDLJKWIRUZDUGO\ LQWR WKH XQGHUO\LQJ VHUYLFH
SURWRFRO LW VHHNV WR GHIHQG� RU FDQ EH OD\HUHG RQ WRS�
,W FDQ HYHQ EH XVHG LQ FRQMXQFWLRQ ZLWK GURSSHG FRQ�
QHFWLRQ RU RWKHU DSSURDFKHV�

7KH SULQFLSDO GLVDGYDQWDJH RI WKH FOLHQW SX]]OH SUR�
WRFRO E\ FRPSDULVRQ ZLWK WKH VWDQGDUG DSSURDFKHV LV
LWV UHTXLUHPHQW IRU VSHFLDO FOLHQW�VLGH VRIWZDUH� 7KH
V\QFRRNLH RU GURSSHG FRQQHFWLRQ DSSURDFKHV PHUHO\
UHTXLUH D PRGLpFDWLRQ WR WKH XQGHUO\LQJ VHUYLFH SUR�
WRFRO RQ WKH VHUYHU VLGH� 7KH FOLHQW SX]]OH DSSURDFK
UHTXLUHV WKDW WKH FOLHQW DOUHDG\ KDYH D SURJUDP FDSD�
EOH RI VROYLQJ D FOLHQW SX]]OH� 6XFK D SURJUDP� KRZ�
HYHU� FDQ EH EXLOW LQWR D EURZVHU� PDGH DYDLODEOH DV D
SOXJ�LQ� RU GLVWULEXWHG E\ DQ\ RQH RI D YDULHW\ RI RWKHU
PHDQV� )RU DQ LQWHUQDO HQYLURQPHQW� LQ ZKLFK VRIW�
ZDUH LV KRPRJHQRXV RU FHQWUDOO\ GLVWULEXWHG� WKH UH�
TXLUHPHQW IRU VSHFLDO�SXUSRVH VRIWZDUH GRHV QRW SRVH
D SUREOHP�

��� 2U JDQL]DWLRQ RI WKLV SDSHU

7KH UHPDLQGHU RI WKLV SDSHU LV RUJDQL]HG DV IROORZV�
6HFWLRQ � GHVFULEHV WKH DWWDFN PRGHO LQ ZKLFK ZH IRU�
PXODWH WKH FOLHQW SX]]OH SURWRFRO� DQG SURYLGHV QRWD�
WLRQ� :H JLYH WKH GHWDLOV RI WKH FOLHQW SX]]OH SURWRFRO
LQ 6HFWLRQ �� :H H[SODLQ DQG JLYH DQ H[DPSOH RI KRZ
WR FKRRVH DQ DSSURSULDWH VHUYHU EXoHU VL]H IRU RXU SUR�
WRFRO LQ 6HFWLRQ �� :H FRQFOXGH LQ 6HFWLRQ �� 6LQFH
WKH WLPH UHTXLUHG IRU D FOLHQW WR VROYH D FOLHQW SX]]OH
YDULHV UDQGRPO\� LW LV LPSRUWDQW WR GHPRQVWUDWH WKDW
WKH FOLHQW SX]]OH SURWRFRO LV QRW VXEMHFW WR SUREDELOLVWLF
IRUPV RI DWWDFN� :H SURYH WKLV LQ WKH DSSHQGL[�

� $WWDFN 0 RGHO

,Q WKLV VHFWLRQ� ZH GHVFULEH WKH DWWDFN PRGHO LQ ZKLFK
ZH IRUPXODWH WKH FOLHQW SX]]OH SURWRFRO� :H DVVXPH D
QHWZRUN ZLWK FOLHQWV I&LJ� D VHUYHU 6HU� DQG DQ DG�
YHUVDU\ $G� :H FRQVLGHU DQ\ VHWWLQJ LQ ZKLFK WKH
DGYHUVDU\ $G VHHNV WR PRXQW D FRQQHFWLRQ GHSOHWLRQ
DWWDFN DJDLQVW D FOLHQW�VHUYHU SURWRFRO0� :H DVVXPH
WKDW $G VHHNV WR H[SORLW WKH SURWRFRO0 VR DV WR RYHU�
ORDG HLWKHU WKH PHPRU\ RU FRPSXWDWLRQDO UHVRXUFHV RI
D VHUYHU 6HU� :H PDNH WKH IROORZLQJ pYH DVVXPSWLRQV
DERXW WKH DGYHUVDU\ $G� 7KH pUVW WKUHH RI WKHVH DV�
VXPSWLRQV VWDWH UHVWULFWLRQV RQ WKH FDSDELOLW\ RI WKH
DGYHUVDU\ UHTXLUHG IRU RXU SURWRFRO WR EH XVHIXO� ZKLOH
WKH ODWWHU WZR GHVFULEH DGYHUVDULDO DWWDFN FDSDELOLWLHV
WR ZKLFK RXU SURWRFRO LV UHVLVWDQW�

$VVXPSWLRQ � $G FDQQRW PRGLI\ SDFNHWV VHQW IURP
DQ\ &L WR 6HU�

$Q\ DWWDFNHU ZKR FDQ PRGLI\ SDFNHWV DW ZLOO FDQ
PRXQW D GHQLDO�RI�VHUYLFH DWWDFN VLPSO\ E\ FRUUXSWLQJ
SDFNHWV� ,I $VVXPSWLRQ � GLG QRW KROG� WKHQ� DQ DG�
YHUVDU\ ZRXOG QRW QHHG WR DWWDFN D VHUYHU E\ PHDQV
RI FRQQHFWLRQ GHSOHWLRQ� ,I ZH DOWHU $VVXPSWLRQ �
VOLJKWO\� WKRXJK� DQG DVVXPH WKDW WKH DGYHUVDU\ FDQ
PRGLI\ RQO\ D OLPLWHG QXPEHU RI SDFNHWV� RXU FOLHQW
SX]]OH SURWRFRO DQG WKH DQDO\VHV LQ WKLV SDSHU DUH VWLOO
JHUPDQH�

$VVXPSWLRQ � $G FDQQRW VLJQLpFDQWO\ GHOD\ SDFN�
HWV VHQW IURP DQ\ &L WR 6HU�

:H PDNH $VVXPSWLRQ � IRU HVVHQWLDOO\ WKH VDPH UHDVRQ
DV ZH PDNH $VVXPSWLRQ �� ,Q SDUWLFXODU� LI DQ DGYHU�
VDU\ FDQ GHOD\ SDFNHWV DUELWUDULO\� WKHQ VKH FDQ PRXQW
D GHQLDO�RI�VHUYLFH DWWDFN ZLWKRXW KDYLQJ WR RYHUORDG
WKH VHUYHU� $JDLQ� VRPH UHOD[DWLRQ RI WKLV DVVXPSWLRQ
LV SRVVLEOH� 7KH WLPH�RXW SDUDPHWHUV 7�� 7�� DQG 7� LQ
RXU FOLHQW SX]]OH SURWRFRO DV GHVFULEHG EHORZ PD\ EH
DGMXVWHG WR DFFRPPRGDWH SRVVLEOH DGYHUVDULDO GHOD\V�

$VVXPSWLRQ � $G FDQQRW VDWXUDWH WKH VHUYHU� WKH
QHWZRUN� RU DQ\ SRUW�

,Q RUGHU IRU DQ DGYHUVDU\ WR PRXQW D FRQQHFWLRQ GHSOH�
WLRQ DWWDFN� VKH PXVW EH DEOH WR LQMHFW D ODUJH QXPEHU
RI SDFNHWV LQWR D QHWZRUN� :H DVVXPH� KRZHYHU� WKDW
WKH DGYHUVDU\ FDQQRW GLVDEOH D VHUYHU RU D SRUW VLPSO\
E\ WKH VKHHU YROXPH RI KHU UHTXHVWV� ,Q RWKHU ZRUGV�
ZH DVVXPH WKH DGYHUVDU\ LQFDSDEOH RI VHQGLQJ UHTXHVWV
WR WKH VHUYHU VR TXLFNO\ WKDW WKH VHUYHU FDQQRW HoHF�
WLYHO\ UHMHFW WKHVH UHTXHVWV� ,I WKH DGYHUVDU\ FRXOG GR



VR� VKH ZRXOG QRW QHHG WR UHVRUW WR D FRQQHFWLRQ GH�
SOHWLRQ DWWDFN�

$VVXPSWLRQ � $G FDQ SHUIRUP ,3 VSRRpQJ� ,Q SDU�
WLFXODU� $G FDQ VLPXODWH DQ\ ,3 DGGUHVV RI LWV FKRLFH
LQ PHVVDJHV VHQW WR WKH VHUYHU�

$V UHPDUNHG DERYH� ,3 VSRRpQJ LV D FRPSRQHQW RI
PDQ\ FRQQHFWLRQ GHSOHWLRQ DWWDFNV �DV ZHOO DV RWKHU
GHQLDO�RI�VHUYLFH DWWDFNV�� 0RVW DWWDFN PRGHOV DVVXPH�
DV LQ $VVXPSWLRQ �� WKDW DQ DWWDFNHU FDQ VLPXODWH DQ
DUELWUDU\ ,3 DGGUHVV LQ LWV PHVVDJHV WR WKH VHUYHU� 7KH
FOLHQW SX]]OH SURWRFRO LV UHVLVWDQW WR ,3 VSRRpQJ�

$VVXPSWLRQ � $G FDQ UHDG DQ\ PHVVDJHV VHQW WR
DQ\ ,3 DGGUHVV�

7KH V\QFRRNLH DSSURDFK IDLOV XQGHU WKLV DVVXPSWLRQ� DV
LW PHDQV WKDW DFFHVV WR FRRNLHV LV QR ORQJHU SULYLOHJHG�
8QOHVV SDFNHWV DUH HQFU\SWHG� KRZHYHU� $VVXPSWLRQ �
PD\ EH UHDOL]DEOH E\ DQ DGYHUVDU\ RQ D SXEOLF QHWZRUN�
,W LV FHUWDLQO\ UHOHYDQW LQ WKH FDVH LQ ZKLFK DQ DGYHU�
VDU\ LV PRXQWLQJ DQ DWWDFN RQ DQ LQWHUQDO QHWZRUN VXFK
DV DQ (WKHUQHW�

1RWH WKDW DQ DGGLWLRQDO DVVXPSWLRQ EHKLQG RXU H[�
SORUDWLRQ RI WKH FOLHQW SX]]OH SURWRFRO� DV LQGHHG EH�
KLQG DOO RI WKH GHIHQVHV DJDLQVW FRQQHFWLRQ GHSOHWLRQ
�7&3 6<1 qRRGLQJ� DWWDFNV PHQWLRQHG DERYH� LV WKH
XQDYDLODELOLW\ RI D SXEOLF�NH\ LQIUDVWUXFWXUH �3.,�� ,I
DOO HQWLWLHV LQ D QHWZRUN FDQ DXWKHQWLFDWH RQH DQRWKHU
E\ PHDQV RI WUXVWHG FHUWLpFDWHV� WKHQ DQ HoHFWLYH EDVLV
DOUHDG\ H[LVWV IRU PLWLJDWLQJ RU SUHYHQWLQJ FRQQHFWLRQ
GHSOHWLRQ DQG RWKHU GHQLDO�RI�VHUYLFH DWWDFNV� �7KLV DV�
VXPHV RI FRXUVH� WKDW DQRQ\PLW\ LV QRW GHVLUHG RQ WKH
SDUW RI QHWZRUN HQWLWLHV��

� 7 KH &OLHQW 3 X]]OH 3 U RWRFRO

,Q WKLV VHFWLRQ ZH GHVFULEH RXU VROXWLRQ� XVLQJ FOLHQW
SX]]OHV� IRU GHIHQGLQJ D SURWRFRO 0 �VXFK DV 7&3
RU 66/� DJDLQVW FRQQHFWLRQ GHSOHWLRQ DWWDFNV� :H GH�
VFULEH RXU VROXWLRQ DV D SURWRFRO ZKLFK LV OD\HUHG LQGH�
SHQGHQWO\ RQ WRS RI WKH SURWRFRO 0� ,W LV DOVR HDVLO\
SRVVLEOH� KRZHYHU� WR LQWHJUDWH LW GLUHFWO\ LQWR 0�
7KH LGHD EHKLQG RXU GHIHQVH SURWRFRO PD\ EH VXP�

PDUL]HG DV IROORZV� ,Q RUGHU WR H[HFXWH SURWRFRO 0
ZLWK WKH VHUYHU� D FOLHQW pUVW DVNV ZKHWKHU WKH VHUYHU
LV XQGHU DWWDFN� ,I WKH VHUYHU LV QRW XQGHU DWWDFN� LW
DQVZHUV ?QR�� DQG SURWRFRO0 LV H[HFXWHG QRUPDOO\� ,I
WKH VHUYHU LV XQGHU DWWDFN� LW DQVZHUV ?\HV�� DQG VHQGV
WKH FOLHQW D SX]]OH WR VROYH� ,Q RUGHU WR LQLWLDWH WKH
SURWRFRO 0 ZLWK WKH VHUYHU� WKH FOLHQW PXVW VROYH WKH

SX]]OH LQ D VSHFLpHG WLPH LQWHUYDO� )RU DQ DGYHUVDU\
$G WR PRXQW D FRQQHFWLRQ GHSOHWLRQ DWWDFN DJDLQVW D
VHUYHU� $G PXVW VROYH D ODUJH QXPEHU RI SX]]OHV LQ D
VKRUW VSDFH RI WLPH ^ WRR PDQ\ WR KDQGOH ZLWK OLPLWHG
FRPSXWDWLRQDO UHVRXUFHV�

��� 3 U RWRFRO QRWDWLRQ

/HW 0L GHQRWH WKH L
WK H[HFXWLRQ RI WKH SURWRFRO 0 RQ

WKH VHUYHU E\ D OHJLWLPDWH FOLHQW RU E\ WKH DWWDFNHU� :H
GHQRWH E\0G

L WKH G
WK PHVVDJH VHQW LQ WKH LWK H[HFXWLRQ

RI SURWRFRO 0� 7R VLPSOLI\ RXU QRWDWLRQ� ZH DVVXPH
WKDW WKH SURWRFRO 0 LV FOLHQW�LQLWLDWHG� H�J�� WKH pUVW
PHVVDJH LQ WKH SURWRFRO LV VHQW IURP WKH FOLHQW WR WKH
VHUYHU� DQG VXEVHTXHQW PHVVDJHV DOWHUQDWH GLUHFWLRQ�
+HQFH� 0�

L LV VHQW IURP WKH FOLHQW WR WKH VHUYHU� 0�
L

IURP WKH VHUYHU WR WKH FOLHQW� DQG VR IRUWK� �1RWH WKDW
RXU VFKHPH FDQ EH VWUDLJKWIRUZDUGO\ DGDSWHG� WKRXJK�
WR WKH FDVH ZKHUH 0 LV D VHUYHU�LQLWLDWHG SURWRFRO��

:H UHTXLUH VRPH DGGLWLRQDO QRWDWLRQ� /HW ] �L!
GHQRWH WKH LWK ELW RI D ELWVWULQJ ]� DQG OHW ] �L� M !
GHQRWH WKH VHTXHQFH RI ELWV ] �L!� ] �L � �!� � � � � ] �
M!� /HW K GHQRWH D QRQ�LQYHUWLEOH KDVK IXQFWLRQ ZKRVH
RXWSXW LV RI OHQJWK O� �6LQFH ZH ZRQ
W UHTXLUH WKDW K
EH FROOLVLRQ UHVLVWDQW� K PLJKW EH D IDVW KDVK IXQFWLRQ
OLNH 0'� >��� ��@� ZKLFK LV NQRZQ WR EH YXOQHUDEOH WR
FROOLVLRQ VHDUFKHV� EXW DV \HW VWLOO UHVLVWDQW WR LQYHUVLRQ
>�@�� /HW � GHQRWH WKH FXUUHQW WLPH DFFRUGLQJ WR WKH
VHUYHU FORFN� /HW V EH D VHFUHW VHHG RI DSSURSULDWH
OHQJWK �VD\� ��� ELWV� KHOG E\ WKH VHUYHU�

��� &OLHQW SX]]OH FRQVWU XFWLRQ DQG SU R�
WRFRO SDU DPHWHU V

$ FOLHQW SX]]OH 3L FRQVLVWV RI D QXPEHU RI LQGHSHQGHQW�
XQLIRUPO\ VL]HG VXE�SX]]OHV� 7KH UHDVRQ IRU FRPSRVLQJ
D SX]]OH RI PXOWLSOH VXE�SX]]OHV LV WR LQFUHDVH WKH GLr�
FXOW\ IRU DQ DWWDFNHU LQ JXHVVLQJ VROXWLRQV� )RU H[DP�
SOH� D �N � ���ELW SX]]OH ZLWK RQH VXE�SX]]OH UHTXLUHV
WKH VDPH DYHUDJH ZRUN IDFWRU IRU EUXWH�IRUFH VROXWLRQ
DV D SX]]OH ZLWK HLJKW GLoHUHQW N�ELW VXE�SX]]OHV� ,W LV
SRVVLEOH� WKRXJK� WR JXHVV D VROXWLRQ WR WKH IRUPHU ZLWK
SUREDELOLW\ �b�N � ��� EXW RQO\ �b�N IRU WKH ODWWHU� 7KH
HoHFW RI KDYLQJ PXOWLSOH VXE�SX]]OHV LV DSSDUHQW LQ WKH
SURRIV LQ WKH DSSHQGL[� SDUWLFXODUO\ LQ /HPPD ��

:H GHQRWH WKH MWK VXE�SX]]OH LQ 3L E\ 3L>M@� :H OHW
WKH YDULDEOH P VSHFLI\ WKH QXPEHU RI VXE�SX]]OHV LQ
D FOLHQW SX]]OH� +HQFH D SX]]OH 3L FRQVLVWV RI VXE�
SX]]OHV 3L>�@� 3L>�@� � � � � 3L>P@� $ VXE�SX]]OH 3L>M@ LV
FRQVWUXFWHG DV IROORZV� $ ELWVWULQJ [L>M@ LV FRPSXWHG DV
WKH KDVK RI D VHW RI VHUYLFH SDUDPHWHUV DQG D VHUYHU VH�
FUHW V� �7KLV LV GHVFULEHG LQ PRUH GHWDLO EHORZ�� 7KLV
ELWVWULQJ [L>M@ LV KDVKHG LQ WXUQ WR \LHOG D ELWVWULQJ



\L>M@  K�[L>M@�� 7KH VXE�SX]]OH FRQVLVWV RI D SRUWLRQ
[L>M@ �N � �� O! RI WKH ELWVWULQJ [L>M@ DORQJ ZLWK WKH
ELWVWULQJ \L>M@� 7KH VROXWLRQ WR WKH VXE�SX]]OH 3L>M@ ^
ZKLFK ZH PD\ JHQHUDOO\ DVVXPH WR EH XQLTXH ^ FRQ�
VLVWV RI WKH PLVVLQJ ELWV RI [L>M@� L�H�� WKH N�ELW VXE�
VWULQJ [L>M@��� N!� 7KXV WKH FRPSXWDWLRQDO KDUGQHVV
RI D VXE�SX]]OH �XQGHU DSSURSULDWH DVVXPSWLRQV DERXW
WKH SURSHUWLHV RI K� LV HTXLYDOHQW WR WKH KDUGQHVV RI
VHDUFKLQJ D VSDFH RI VL]H �N� ZKHUH RQH VHDUFK VWHS UH�
TXLUHV WKH FRPSXWDWLRQ RI D KDVK� 7KH VROXWLRQ WR WKH
FRPSOHWH SX]]OH 3L FRQVLVWV RI WKH P GLoHUHQW N�ELW VR�
OXWLRQV WR DOO RI WKH FRPSRQHQW VXE�SX]]OHV� 7KXV� N
DQG P WRJHWKHU UHSUHVHQW D MRLQW VHFXULW\ SDUDPHWHU
JRYHUQLQJ WKH GLrFXOW\ RI VROYLQJ D FOLHQW SX]]OH 3L�
7KURXJKRXW WKH UHPDLQGHU RI WKLV SDSHU� ZH GURS WKH
VXEVFULSW L IURP SX]]OH YDULDEOHV DV FRQYHQLHQW� 7KH
FRQVWUXFWLRQ RI D VXE�SX]]OH 3 >M@ LQ D FOLHQW SX]]OH 3
LV GHSLFWHG LQ )LJXUH ��

x[j]

y[j]

h

h

Server secret s and other data

x[j]<1…k>

Sub-puzzle P[j]Solution to sub-puzzle P[j]

)LJXUH �� &RQVWXFWLRQ RI VXE�SX]]OH 3 >M@

:H VKDOO GHQRWH E\ % WKH VL]H RI WKH VHUYHU EXoHU
GHYRWHG WR VLPXOWDQHRXV H[HFXWLRQV RI WKH SURWRFRO0�
:H UHIHU WR DV D VORW WKH EXoHU UHVRXUFHV GHYRWHG WR
D VLQJOH H[HFXWLRQ RI 0� 7KXV� WKH QXPEHU RI VORWV
LQ % LV WKH PD[LPXP QXPEHU RI VLPXODWDQHRXV H[HFX�
WLRQV RI 0 VXSSRUWHG E\ WKH VHUYHU� :H OHW PD[FRQ
GHQRWH WKH PD[LPXP QXPEHU RI VLPXOWDQHRXV H[HFX�
WLRQV RI 0 �L�H�� FRQQHFWLRQV� VXSSRUWHG E\ WKH VHUYHU
GXULQJ QRUPDO XVDJH� L�H�� WKH WRWDO QXPEHU RI VORWV
LQ % UHVHUYHG IRU QRUPDO XVDJH ZLWK 0� )LQDOO\ ZH
OHW E GHQRWH WKH QXPEHU RI H[WUD VORWV LQ %� L�H�� WKH
QXPEHU RI VORWV IRU H[HFXWLRQV RI0 DQWLFLSDWHG GXULQJ
DQ DWWDFN� DQG WKXV VHW DVLGH LQ VXSSRUW RI WKH FOLHQW
SX]]OH SURWRFRO� +HQFH WKH WRWDO QXPEHU RI VORWV LQ
% LV PD[FRQ � E� 1RWH WKDW WKH GLVWLQFWLRQ EHWZHHQ
QRUPDO DQG H[WUD VORWV LV RQH RI FRQYHQLHQFH DQG GRHV
QRW LQGLFDWH DQ\ GLoHUHQFH LQ IXQFWLRQDOLW\� 7KH YDOXH
E PD\ EH UHJDUGHG DV D GHIHQVH SDUDPHWHU DQG UHSUH�
VHQWV LQ VRPH VHQVH WKH RYHUKHDG DVVRFLDWHG ZLWK WKH
FOLHQW SX]]OH SURWRFRO�
$V DQ H[DPSOH� LI WKH SURWRFRO 0 LV 7&3� WKHQ WKH

QXPEHU RI VORWV LQ % UHSUHVHQWV WKH DPRXQW RI PHPRU\
UHVHUYHG IRU KDOI�RSHQ FRQQHFWLRQV� ,I WKH SURWRFRO 0
LV 66/� WKHQ WKH QXPEHU RI VORWV LQ % UHSUHVHQWV WKH
QXPEHU RI VLPXOWDQHRXV 66/ VHVVLRQV �LQLWLDWLRQV� WKH
VHUYHU FDQ VXSSRUW� DQG KHQFH WKH FRPSXWLQJ SRZHU RI
WKH VHUYHU UHVHUYHG IRU VXFK VHVVLRQV� +HQFH WKH EXoHU
% FDQ UHSUHVHQW HLWKHU WKH PHPRU\ RU FRPSXWDWLRQDO
UHVRXUFH OLPLWDWLRQV RI WKH VHUYHU�
7KH FOLHQW SX]]OH SURWRFRO LQFOXGHV WKUHH WLPH SD�

UDPHWHUV� 7�� 7�� DQG 7�� 7KH SDUDPHWHU 7� LV WKH
WLPH IRU ZKLFK D SX]]OH LV YDOLG EHIRUH LW H[SLUHV� L�H��
WKH WLPH SHUPLWWHG WR D FOLHQW WR VROYH DQG VXEPLW D
FOLHQW SX]]OH� 7KH SDUDPHWHU 7� LV WKH WLPH ZKLFK
WKH FOLHQW KDV WR LQLWLDWH 0L DIWHU LW KDV VXEPLWWHG D
VXFFHVVIXOO\ VROYHG SX]]OH� 7KH SDUDPHWHU 7� LV WKH
GXUDWLRQ IRU ZKLFK D EXoHU VORW DOORFDWHG IRU SURWRFRO
0L UHPDLQV LQ PHPRU\ EHIRUH EHLQJ SXUJHG� :H OHW
7  7� � 7� � 7��

��� &OLHQW SX]]OH SU RWRFRO GHVFU LSWLRQ

/HW XV QRZ GHVFULEH WKH GHWDLOV RI WKH FOLHQW SX]]OH SUR�
WRFRO� 3ULRU WR LQLWLDWLQJ SURWRFRO 0� WKH FOLHQW pUVW
VHQGV PHVVDJH 0�

L WR WKH VHUYHU� DORQJ ZLWK D TXHU\
DV WR ZKHWKHU RU QRW WKH VHUYHU LV GLVWULEXWLQJ FOLHQW
SX]]OHV� ,I WKH VHUYHU LV QRW XQGHU DWWDFN� LW LQGLFDWHV
WR WKH FOLHQW WKDW QR SX]]OHV DUH EHLQJ GLVWULEXWHG� DQG
UHFRUGV LQ PHPRU\� L�H�� LQ D VORW RI %� WKH IDFW WKDW
LQLWLDWLRQ0L RI SURWRFRO0 VKRXOG EH SHUPLWWHG� 7KLV
SHUPLVVLRQ LV YDOLG IRU D SHULRG RI WLPH 7�� DIWHU ZKLFK
LW H[SLUHV� DQG LQLWLDWLRQ RI 0L LV QR ORQJHU SHUPLWWHG�
,I WKH FOLHQW UHVSRQGV EHIRUH H[SLUDWLRQ RI WKH SHUPLV�
VLRQ� LW LV IUHH WR H[HFXWH LQLWLDWLRQ RI 0L XQGHU 0
DV QRUPDO� 7KLV H[HFXWLRQ PXVW EH FRPSOHWHG LQ WLPH
7�� 7KH FOLHQW SX]]OH SURWRFRO XQGHU QRUPDO VHUYHU
RSHUDWLRQ LV GHSLFWHG LQ )LJXUH ��

Mi
1, “Puzzle?”

“No puzzle.”

Mi

Registers permission of Mi

Client Server

)LJXUH �� 3URWRFRO ZKHQ VHUYHU LV RSHUDWLQJ QRUPDOO\

7KH VHUYHU LV GHHPHG WR EH XQGHU DWWDFN LI WKH VHUYHU
PHPRU\ % EHJLQV WR pOO VR WKDW PRUH WKDQ PD[FRQ
EXoHU VORWV DUH DOORFDWHG DW RQH WLPH� ,Q WKLV FDVH� RQ
UHTXHVWLQJ SHUPLVVLRQ WR LQLWLDWH0L� WKH FOLHQW UHFHLYHV



IURP WKH VHUYHU D FOLHQW SX]]OH 3 � ,Q RUGHU WR KDYH WKH
VHUYHU SHUPLW LQLWLDWLRQ RI0L� WKH FOLHQW PXVW VXEPLW D
FRUUHFW VROXWLRQ WR 3 ZLWKLQ WLPH 7�� 2QFH LW KDV GRQH
VR� WKH VHUYHU VHWV DVLGH D VORW LQ % IRU 0L� ,Q RWKHU
ZRUGV� WKH VHUYHU UHFRUGV SHUPLVVLRQ IRU WKH FOLHQW WR
H[HFXWH 0L� OHDYLQJ WKH FOLHQW IUHH WR SURFHHG ZLWK WKH
SURWRFRO 0 DV QRUPDO�

5HFDOO IURP DERYH WKDW D FOLHQW SX]]OH 3 FRQVLVWV RI
D FROOHFWLRQ RI P LQGHSHQGHQW VXE�SX]]OHV� (DFK VXE�
SX]]OH 3 >M@ FRQVLVWV RI D KDVK LPDJH ZLWK D SDUWLDOO\
UHYHDOHG SUH�LPDJH� ZKLOH VROYLQJ D VXE�SX]]OH SX]]OH
LQYROYHV pQGLQJ WKH UHPDLQLQJ SDUW RI WKH SUH�LPDJH�
7KH FOLHQW SX]]OH SURWRFRO UHTXLUHV WKDW WKH VHUYHU FRQ�
VWUXFW SX]]OHV ZLWK WZR SURSHUWLHV� )LUVW� WKH SX]]OH
PXVW EH WLPH�GHSHQGHQW� VR WKDW WKH FOLHQW KDV RQO\ D
OLPLWHG WLPH LQ ZKLFK WR VROYH WKH SX]]OH� 6HFRQG� WKH
SX]]OH PXVW EH DEOH WR EH FRQVWUXFWHG LQ D VWDWHOHVV
ZD\� ,Q SDUWLFXODU� WKH VHUYHU PXVW EH DEOH WR YHULI\
ZLWKRXW WKH XVH RI D GDWDEDVH WKDW D SX]]OH VROYHG E\
D FOLHQW LV OHJLWLPDWH�

7R VDWLVI\ WKHVH UHTXLUHPHQWV� WKH VHUYHU pUVW JHQ�
HUDWHV D ORQJ�WHUP� ORFDOO\ KHOG VHFUHW V� 7KLV VHFUHW
VKRXOG EH RI OHQJWK VXrFLHQW WR IRUHVWDOO FU\SWDQDO\WLF
DWWDFNV �H�J�� ��� ELWV�� :KHQ LW UHFHLYHV D UHTXHVW
IURP D FOLHQW WR LQLWLDWH0L� WKH VHUYHU FUHDWHV D SX]]OH
3 � )RU HDFK VXE�SX]]OH 3L>M@� WKH VHUYHU FRPSXWHV WKH
ELWVWULQJ [>M@ DV K�V� W�0�

L � M�� ZKHUH W LV D WLPHVWDPS
VHW WR WKH FXUUHQW WLPH � � �,I 0�

L LV QRW XQLTXH WR VHU�
YLFH UHTXHVWV� LW PD\ EH GHVLUDEOH WR LQFOXGH D QRQFH
LQ WKH KDVK DV ZHOO� WKLV QRQFH HoHFWLYHO\ EHFRPLQJ DQ
DGGLWLRQ WR WKH SX]]OH 3 �� 5HFDOO IURP DERYH WKDW WKH
VXE�SX]]OH 3 >M@ FRQVLVWV RI WKH ELWV [>M@�N� �� O! DQG
WKH KDVK \>M@� 7KH VHUYHU VHQGV WKH SX]]OH 3 WR WKH
FOLHQW DORQJ ZLWK WKH WLPHVWDPS W�

7KH FOLHQW FRPSXWHV WKH VROXWLRQ WR 3 E\ VROYLQJ
HDFK VXE�SX]]OH LQ WXUQ� 7R VROYH D VXE�SX]]OH� WKH
FOLHQW SHUIRUPV D EUXWH IRUFH VHDUFK RI SRVVLEOH VROX�
WLRQV� 6HDUFKLQJ D JLYHQ VROXWLRQ ZLOO UHTXLUH WKH FOLHQW
WR SHUIRUP D VLQJOH KDVK� :H UHIHU WR WKH LQWHUYDO RI
WLPH DVVRFLDWHG ZLWK WKLV FRPSXWDWLRQ� L�H� WKH FRP�
SXWDWLRQ RI D KDVK IRU WU\LQJ D VXE�SX]]OH VROXWLRQ� DV
D WLPH VWHS� $ JLYHQ N�ELW VXE�SX]]OH 3 >M@ ZLOO KDYH
�N SRVVLEOH VROXWLRQV� +HQFH� WKH H[SHFWHG QXPEHU RI
WLPH VWHSV IRU D FOLHQW �RU DGYHUVDU\� WR VROYH D VXE�
SX]]OH ZLOO EH �N �  �Nb�� ZKLOH WKH PD[LPXP WLPH
ZLOO EH �N� 6LQFH D SX]]OH FRQWDLQV P VXE�SX]]OHV� WKH
H[SHFWHG QXPEHU RI WLPH VWHSV IRU D FOLHQW �RU DGYHU�
VDU\� WR VROYH D SX]]OH 3 ZLOO EH Pd �Nb�� ZKLOH WKH
PD[LPXP ZLOO EH Pd �N�
:KHQ WKH FOLHQW VHQGV W DQG 0�

L DORQJ ZLWK LWV SXU�
SRUWHG VROXWLRQ WR 3 � WKH VHUYHU FDQ FKHFN LQ D VWDWH�
OHVV IDVKLRQ WKDW DOO VXE�SX]]OHV� DQG WKXV WKH HQWLUH
SX]]OH 3 LV FRUUHFWO\ VROYHG� ,W DOVR FKHFNV� E\ FRP�

SDULQJ WKH WLPHVWDPS W ZLWK WKH FXUUHQW WLPH � � WKDW
WKH SX]]OH KDV QRW H[SLUHG� +HQFH WKH VHUYHU QHHG
QRW VWRUH DQ\ SX]]OH LQIRUPDWLRQ LWVHOI� ,Q )LJXUH ��
ZH GHQRWH E\ VROXWLRQ WKH �SXUSRUWHG� VROXWLRQ GDWD
�I[>M@��� N!JPM  ��0

�
L � W�� )LJXUH � VKRZV WKH FOLHQW

SX]]OH SURWRFRO ZKHQ WKH VHUYHU XQGHU DWWDFN� :H DV�
VXPH LQ )LJXUH � WKDW D FRUUHFW VROXWLRQ LV VXEPLWWHG�
,I DQ LQFRUUHFW VROXWLRQ LV VXEPLWWHG� LW ZLOO� RI FRXUVH�
EH UHMHFWHG�

Mi
1, “Puzzle?”

“Yes, puzzle.”, P, t

Mi

Registers permission of Mi in B

Client Server

Verifies that τ-t ≤ T1

Computes {x[j] = h(s,t,Mi
1,j)}

Verifies that solution is correct

solution

j=1

m

)LJXUH �� 3URWRFRO ZKHQ VHUYHU LV XQGHU DWWDFN

1RWH WKDW WR SUHYHQW DQ DWWDFNHU IURP XVLQJ WKH
VDPH VROYHG SX]]OH IRU PXOWLSOH DOORFDWLRQV� WKH VHUYHU
PXVW HQVXUH WKDW RQO\ RQH VORW LQ % LV DOORFDWHG IRU
HDFK UHTXHVW 0L� 2QH ZD\ WR DFFRPSOLVK WKLV LV WR OHW
VRPH XQLTXH LGHQWLpHU GHULYHG IURP 0�

L EH DVVRFLDWHG
ZLWK WKH VORW DOORFDWHG IRU0L� 2Q UHFHLYLQJ D FRUUHFWO\
VROYHG SX]]OH FRUUHVSRQGLQJ WR 0L� WKH VHUYHU FKHFNV
WKDW QR VORW KDV EHHQ DOORFDWHG IRU LW DOUHDG\� 2QH
PHDQV RI HQDEOLQJ D UDSLG VHDUFK IRU DOUHDG\�XVHG LGHQ�
WLpHUV ZRXOG EH WR DVVLJQ VORWV WKURXJK EXFNHW KDVKLQJ
RQ LGHQWLpHUV�
6LQFH D SX]]OH LQFOXGHV LQYHUVLRQ SUREOHPV RI YHU\

OLPLWHG VL]H� DQG ZH DUH WKHUHIRUH QRW FRQFHUQHG ZLWK
FROOLVLRQ DWWDFNV� ZH FDQ XVH UHODWLYHO\ VKRUW KDVK LP�
DJHV DQG SUH�LPDJHV� ,Q GHWHUPLQLQJ WKH VL]H RI D VXE�
SX]]OH SUH�LPDJH [>M@ � ZH DUH SULQFLSDOO\ FRQFHUQHG
ZLWK WKH SRVVLELOLW\ RI GLFWLRQDU\ DWWDFNV� 7R DYHUW
VXFK DWWDFNV� D ���ELW SUH�LPDJH LV VXrFLHQW LQ PRVW
VHWWLQJV� ,Q FRQVLGHULQJ WKH VL]H RI D VXE�SX]]OH LPDJH
\>M@� ZH ZLVK WR HQVXUH� IRU WKH VDNH RI RXU DQDO\VHV�
WKDW WKH VXE�SX]]OH LV YHU\ OLNHO\ WR KDYH RQO\ D VLQJOH
VROXWLRQ� :H DVVXPH� LQ IDFW� LQ RXU SURRIV WKDW WKLV LV
WKH FDVH� 8QGHU WKLV FRQVWUDLQW� LW LV UHDVRQDEOH OLNH�
ZLVH WR PDNH WKH VXE�SX]]OH LPDJH �� ELWV ORQJ� *LYHQ
VXE�SX]]OHV RI WKHVH SURSRVHG VL]HV� WKH VL]H RI D SX]]OH
ZLOO EH VRPHZKDW OHVV WKDQ ��P E\WHV�



��� 3 X]]OH HrFLHQF\� , PSU RYHG SX]�
]OHV

)RU WKH VDNH RI VLPSOLFLW\� ZH DVVXPH LQ RXU H[SRVL�
WLRQ DERYH WKDW VXE�SX]]OHV DUH FRQVWUXFWHG LQGHSHQ�
GHQWO\ RI RQH DQRWKHU� ,I ZH DOORZ VRPH ?RYHUODS� LQ
VXE�SX]]OH FRQVWUXFWLRQ� KRZHYHU� LW LV SRVVLEOH WR FRQ�
VWUXFW SX]]OHV WKDW DUH VXEVWDQWLDOO\ PRUH FRPSDFW DQG
HDV\ WR YHULI\� DW WKH H[SHQVH RI VRPH FRPSOH[LW\ DQG
OHVV HDVLO\ GHPRQVWUDEOH FU\SWRJUDSKLF SURSHUWLHV� 7R
FRQVWUXFW D SX]]OH LQ WKLV ZD\� ZH DOORZ WKH VHUYHU
WR FRPSXWH D YDOXH [ RI� VD\� O � ELWV GHULYHG IURP
K�V� W�0�

L �� 7KH YDOXH [ DORQH LV VXrFLHQW WR GHpQH
P GLVWLQFW VXE�SX]]OHV 3 >�@� 3 >�@� � � � � 3 >P@ DV IROORZV�
:H OHW VXE�SX]]OH 3 >L@ FRQVLVW RI WKH WDVN RI pQGLQJ DQ
�O ���ELW YDOXH ]L VXFK WKDW WKH pUVW N ELWV RI �[ N L N ]L�
PDWFK WKH pUVW N ELWV RI K�[ N L N ]L�� KHUH N GHQRWHV
ELWVWULQJ FRQFDWHQDWLRQ DQG L UHSUHVHQWV D p[HG�OHQJWK
HQFRGLQJ RI WKH VXE�SX]]OH LQGH[ L� $Q �O ���ELW VXE�
VWULQJ ]L ZLWK WKH GHVLUHG SURSHUW\ FRQVWLWXWHV D FRUUHFW
VROXWLRQ WR VXE�SX]]OH 3 >L@�

7R FRQVWUXFW D SX]]OH RI WKLV VRUW� WKH VHUYHU QHHG
RQO\ FRPSXWH D VLQJOH KDVK� $V ZLWK WKH OHVV HrFLHQW
SX]]OH FRQVWUXFWLRQ LQ ZKLFK VXE�SX]]OHV DUH FRPSXWHG
LQGLYLGXDOO\� ZH UHTXLUH RQO\ UHVLVWDQFH WR LQYHUVLRQ
DQG QRW FROOLVLRQ�UHVLVWDQFH LQ WKH KDVK IXQFWLRQ� 7KXV�
LW ZRXOG VWLOO EH VXLWDEOH WR XVH 0'�� 6LQFH FRPSXW�
LQJ DQ 0'� KDVK UHTXLUHV RQO\ DERXW ��� LQVWUXFWLRQV�
FRQVWUXFWLRQ RI D SX]]OH RI WKLV PRUH HrFLHQW W\SH UH�
TXLUHV RQO\ DERXW ��� LQVWUXFWLRQV RQ WKH SDUW RI WKH
VHUYHU� ,Q D W\SLFDO VHWWLQJ VXFK DV WKDW GHVFULEHG LQ
6HFWLRQ �� D SX]]OH ZRXOG EH URXJKO\ � E\WHV ORQJ �SOXV
VHUYLFH YDOXHV�� ZKLOH D SX]]OH VROXWLRQ ZRXOG EH DERXW
�� E\WHV ORQJ�

&RPSOHWH YHULpFDWLRQ RI D FRUUHFW SX]]OH RI WKLV W\SH
UHTXLUHV P � � KDVK FRPSXWDWLRQV� RQH KDVK WR FRP�
SXWH [ DQG DQRWKHU P WR YHULI\ VXE�SX]]OH VROXWLRQV�
2Q WKH RWKHU KDQG� LI D SX]]OH LV LQFRUUHFW� LW PXVW FRQ�
WDLQ DW OHDVW RQH LQFRUUHFWO\ VROYHG VXE�SX]]OH� +HQFH�
E\ FKHFNLQJ VXE�SX]]OHV LQ UDQGRP RUGHU� WKH VHUYHU
FDQ EH DVVXUHG RI SHUIRUPLQJ DW PRVW P � � � KDVK
FRPSXWDWLRQV RQ DYHUDJH WR YHULI\ DQ LQFRUUHFWO\ VROYHG
SX]]OH� ,Q D W\SLFDO VHWWLQJ� VXFK DV WKDW GHVFULEHG LQ
6HFWLRQ �� LQ ZKLFK P  �� WKLV ZRXOG FRUUHVSRQG WR
DERXW ����� LQVWUXFWLRQV�

$OWHUQDWLYH HPERGLPHQWV RI WKLV SX]]OH FRQVWUXFWLRQ
DUH DFKLHYDEOH XVLQJ D IDVW EORFN FLSKHU� H�J�� 5&� >��@�
LQ OLHX RI D KDVK IXQFWLRQ� ,Q IDFW� LW ZRXOG EH DF�
FHSWDEOH WR XVH D UHGXFHG�URXQG EORFN FLSKHU IRU WKLV
SXUSRVH� SURYLGHG WKDW LW LV VWLOO QRW ZRUWKZKLOH IRU
DQ DWWDFNHU WR PRXQW D FU\SWDQDO\WLF DWWDFN� )LQG�
LQJ PRUH HrFLHQW SX]]OH FRQVWUXFWLRQV UHSUHVHQWV DQ
LQWHUHVWLQJ UHVHDUFK SUREOHP�

��� *U DFHIXO GHJU DGDWLRQ

,Q WKH VLPSOH LPSOHPHQWDWLRQ RI WKH FOLHQW SX]]OH SUR�
WRFRO GHVFULEHG DERYH� WKH VHFXULW\ SDUDPHWHUV N DQG
P DUH p[HG� ,Q RWKHU ZRUGV� ZKHQ WKH VHUYHU FRPHV
XQGHU DWWDFN �L�H�� PD[FRQ EXoHU VORWV DUH DOORFDWHG LQ
%�� LW GLVWULEXWHV SX]]OHV RI XQLIRUP GLrFXOW\ WR FOLHQWV
UHTXHVWLQJ LQLWLDWLRQ RI SURWRFRO 0� 1RWH� WKRXJK�
WKDW LW LV SRVVLEOH IRU WKH VHUYHU WR VFDOH SX]]OH VL]HV
DQG WKXV LPSRVH YDULDEO\ VL]HG FRPSXWDWLRQDO ORDGV RQ
WKH FOLHQW� ,Q SDUWLFXODU� D FOLHQW SX]]OH SURWRFRO PLJKW
VFDOH WKH KDUGQHVV RI SX]]OHV DFFRUGLQJ WR WKH VHYHU�
LW\ RI WKH DWWDFN RQ WKH VHUYHU� WKH PRUH WKH VHUYHU
EXoHU EHFRPHV pOOHG� WKH KDUGHU WKH SX]]OHV LW LVVXHV�
,W LV DOVR WR PDNH FKDQJHV WR WKH WLPH�RXW SDUDPHWHUV
7�� 7�� DQG 7�� 7KURXJK PRGLpFDWLRQ RI FOLHQW SX]]OH
SDUDPHWHUV� VHUYHU SHUIRUPDQFH FDQ EH FDXVHG WR GH�
JUDGH JUDFHIXOO\� DQG LQ SURSRUWLRQ WR WKH VHYHULW\ RI
WKH WKUHDW WR WKH VHUYHU�

� &KRRVLQJ D &RU U HFW 6L]H IRU
WKH % XoHU %

5HFDOO WKDWPD[FRQ LV WKH QXPEHU RI FRQQHFWLRQV PDGH
DYDLODEOH WR FOLHQWV E\ WKH VHUYHU XQGHU QRUPDO RSHUDW�
LQJ FRQGLWLRQV� :KHQ LPSOHPHQWLQJ WKH FOLHQW SX]]OH
GHIHQVH DJDLQVW FRQQHFWLRQ GHSOHWLRQ DWWDFNV� ZH OHW
WKH EXoHU % FRQWDLQ PD[FRQ�E VORWV� 2XU SXUSRVH LQ
WKLV VHFWLRQ LV WR GHWHUPLQH DQ DSSURSULDWH VL]H IRU E�
5HFDOO WKDW� RQ DYHUDJH� LW ZLOO WDNH DQ H[SHFWHGP�Nb�

WLPH VWHSV IRU WKH DGYHUVDU\ WR VROYH D SX]]OH� +HQFH
WKH H[SHFWHG QXPEHU RI WLPH VWHSV IRU WKH DGYHUVDU\
WR VROYH E SX]]OHV LV EP�Nb�� ,I WKH EXoHU % FRQWDLQV
PD[FRQ�E VORWV� WKHQ WKH DGYHUVDU\ PXVW VROYH E SX]�
]OHV LQ 7 VHFRQGV WR PRXQW D VXFFHVVIXO FRQQHFWLRQ GH�
SOHWLRQ DWWDFN� ZKHUH� DJDLQ� 7  7� � 7� � 7�� /HW
J UHSUHVHQW WKH QXPEHU RI DGYHUVDULDO WLPH VWHSV SHU
VHFRQG� L�H�� WKH QXPEHU RI KDVKHV WKH DGYHUVDU\ FDQ
FRPSXWH SHU VHFRQG� 7KXV 7J UHSUHVHQWV WKH QXPEHU
RI WLPH VWHSV WKH DGYHUVDU\ KDV WR FDUU\ RXW LWV DWWDFN�
6LQFH WKH H[SHFWHG QXPEHU RI WLPH VWHSV IRU WKH DGYHU�
VDU\ WR VROYH E SX]]OHV LV EP�Nb�� ZH ZRXOG H[SHFW WKDW
E ! 7J �P�Nb�� ZRXOG EH OLNHO\ WR IRLO WKH DGYHUVDU\
PRVW RI WKH WLPH�
7KH SUREOHP ZLWK WKLV UHDVRQLQJ LV WKDW LW GRHV QRW

WDNH LQWR DFFRXQW VRPH FRPSOLFDWLQJ IDFWRUV� )LUVW RI
DOO� LW LV SRVVLEOH WKDW LI WKH DGYHUVDU\ PRXQWV D VXV�
WDLQHG DWWDFN� VKH ZLOO JHW OXFN\ DW VRPH SRLQW DQG
HQFRXQWHU D VXFFHVVLRQ RI HDV\ SX]]OHV� ,Q DGGLWLRQ�
D FUDIW\ DGYHUVDU\ PD\ QRW H[SOLFLWO\ VROYH DOO RI WKH
SX]]OHV VKH VXEPLWV� ,QVWHDG� VKH PD\ WU\ WR JXHVV
WKH VROXWLRQV WR VRPH SX]]OHV� RU DWWDFN SX]]OHV E\
SDUWLDOO\ VROYLQJ DQG SDUWLDOO\ JXHVVLQJ DW WKHP� :H



WKHUHIRUH UHTXLUH ULJRURXV SURRI WR HVWDEOLVK WKH VL]H RI
WKH EXoHU UHTXLUHG IRU D VXFFHVVIXO FOLHQW SX]]OH SUR�
WRFRO� /HW XV GHpQH F  EP�Nb� 7J� 5HFDOO WKDW WKH
H[SHFWHG WLPH IRU WKH DGYHUVDU\ WR VROYH E SX]]OHV LV
EP�Nb�� ,QWXLWLYHO\� WKHUHIRUH� F H[SUHVVHV URXJKO\ WKH
QXPEHU RI WLPHV ODUJHU WKH YDOXH E LV WKDQ ZH ZRXOG
H[SHFW WR QHHG� :H KDYH WKH IROORZLQJ WKHRUHP� ZKRVH
SURRI LV JLYHQ LQ WKH $SSHQGL[� 1RWH WKDW ��� 0,36
UHSUHVHQWV DQ DUELWUDU\ XSSHU ERXQG RQ WKH SRZHU RI
WKH DGYHUVDU\� DQG LV JLYHQ RQO\ WR VLPSOLI\ WKH IRUP
RI WKH WKHRUHP�

7KHRUHP � $VVXPH DQ DGYHUVDU\ ZLWK DW PRVW ���

0,36 RI FRPSXWLQJ SRZHU WKDW PRXQWV D FRQQHFWLRQ
GHSOHWLRQ DWWDFN IRU QR PRUH WKDQ D \HDU� $VVXPH
IXUWKHU WKDW SX]]OHV DUH FRQVWUXFWHG VXFK WKDW P y ��
7KHQ LI F y � � DQG E y ����� WKH SUREDELOLW\ WKDW WKH
DGYHUVDU\ LV DEOH WR PRXQW D VXFFHVVIXO DWWDFN LV OHVV
WKDQ �b���� XW
1RWH WKDW WKH VL]H RI N LV GHWHUPLQHG E\ F DQG E\

WKH SDUDPHWHU 7 � ,Q RUGHU WR VLPSOLI\ RXU DQDO\VLV�
7KHRUHP � LV SURYHQ IRU SDUDPHWHUV ODUJHU WKDQ ZRXOG
EH QHHGHG LQ SUDFWLFH� L�H�� ZLWK D UDWKHU FRQVHUYDWLYH
DSSURDFK WR VHFXULW\� ,Q SUDFWLFH� GHVLJQHUV DUH HQ�
FRXUDJHG LQVWHDG WR PDNH XVH RI WKH IROORZLQJ KHXULV�
WLF� $JDLQ� WKH XSSHU ERXQG RI ��� 0,36 LV VHOHFWHG
DUELWUDULO\ WR VLPSOLI\ WKH IRUP RI WKH WKHRUHP�

+HXULVWLF � $VVXPH DQ DGYHUVDU\ ZLWK DW PRVW ���

0,36 RI FRPSXWLQJ SRZHU WKDW PRXQWV D FRQQHFWLRQ
GHSOHWLRQ DWWDFN IRU QR PRUH WKDQ D \HDU� $VVXPH
IXUWKHU WKDW SX]]OHV DUH FRQVWUXFWHG VXFK WKDW P y ��
7KHQ LI F y � � DQG E y ����� WKH SUREDELOLW\ WKDW WKH
DGYHUVDU\ LV DEOH WR PRXQW D VXFFHVVIXO DWWDFN LV OHVV
WKDQ �b���� XW
1RWH WKDW 7KHRUHP � DQG +HXULVWLF � DUH TXLWH

FUXGH� IRU WKH VDNH RI VLPSOLFLW\� WKH\ UHO\ RQ D QXP�
EHU RI DVVXPSWLRQV ZKLFK FDQ EH UHOD[HG VRPHZKDW LQ
D UHDO V\VWHP GHVLJQ� )RU H[DPSOH� VL]HV RI P ODUJHU
WKDQ � UHGXFH WKH UHTXLUHG EXoHU VL]H� %\ DSSHDOLQJ
WR &RUROODU\ �� DV JLYHQ LQ WKH $SSHQGL[� D SURWRFRO
GHVLJQHU FDQ REWDLQ WLJKWHU ERXQGV RQ EXoHU VL]HV�

� $Q ( [DPSOH

$V D GHPRQVWUDWLRQ RI KRZ WKH FOLHQW SX]]OH SURWRFRO
RXJKW WR EH SDUDPHWHUL]HG� OHW XV FRQVLGHU D VFHQDULR
LQ ZKLFK DQ DWWDFNHU ZLVKHV WR PRXQW D 7&3 6<1
qRRGLQJ DWWDFN� 6XSSRVH WKH V\VWHP XQGHU FRQVLGHU�
DWLRQ LV RQH LQ ZKLFK FOLHQWV W\SLFDOO\ KDYH ��� 0,36
RI FRPSXWLQJ SRZHU� DQG DQ DGYHUVDU\ LV DQWLFLSDWHG
WR EH DEOH WR KDUQHVV WKH IXOO SRZHU RI �� FOLHQW PD�

FKLQHV� 7KXV WKH DGYHUVDU\ KDV ����� 0,36 RI FRP�
SXWLQJ SRZHU DW KHU GLVSRVDO�

/HW XV DVVXPH WKDW 0'� LV WKH KDVK IXQFWLRQ XVHG
WR FRQVWUXFW SX]]OHV� 2QH 0'� FRPSXWDWLRQ UHTXLUHV
DERXW ��� LQVWUXFWLRQV� +HQFH� D FOLHQW FDQ SHUIRUP
������� 0'� FRPSXWDWLRQV�VHFRQG� 7KH QXPEHU RI
WLPH VWHSV SHU VHFRQG J IRU WKH DGYHUVDU\� ZKLFK ZH
DVVXPH WR KDYH ����� 0,36 RI FRPSXWLQJ SRZHU� LV �d
���� 7KH '(& DUFKLYH QRWH ?3HUIRUPDQFH 7XQLQJ 7LSV
IRU 'LJLWDO 8QL[� >�@ VXJJHVWV WKDW KDOI�RSHQ 7&3 6<1
FRQQHFWLRQV EH SHUPLWWHG WR SHUVLVW IRU D SHULRG RI WLPH
RQ WKH RUGHU RI �� VHFRQGV� L�H�� 7�  �� VHFRQGV� /HW XV
DVVXPH WKDW 7��7� LV DOVR DERXW �� VHFRQGV� ,Q RWKHU
ZRUGV� D FOLHQW KDV �� VHFRQGV WR UHFHLYH DQG VXEPLW
D VROYHG SX]]OH DQG LQLWLDWH D 7&3 FRQQHFWLRQ� +HQFH
7  ��� VHFRQGV� 7KLV FRUUHVSRQGV WR ���d �d ���  
���d ��� WLPH VWHSV IRU WKH DGYHUVDU\�
6XSSRVH ZH FOLHQW SX]]OHV FRQVLVWLQJ RI � VXE�

SX]]OHV� HDFK ZLWK �� ELWV� 7KXV� P  � DQG N  ���
7KH VHDUFK VSDFH DVVRFLDWHG ZLWK D SX]]OH LV RI VL]H
� d ���  ���� ���� +HQFH� RQ DYHUDJH� D FOLHQW VKRXOG
WDNH MXVW XQGHU D VHFRQG WR VROYH D SX]]OH�

$ VHUYHU LQ WKH ��� 0,36 FODVV KDV D W\SLFDO PD[�
LPXP SURFHVVLQJ VSHHG RI EHWZHHQ ����� DQG �����
7&3 FRQQHFWLRQV SHU VHFRQG >��@� 7KXV D EDFN�RI�
WKH�HQYHORSH FDOFXODWLRQ UHYHDOV WKDW WKH URXJKO\ ���
LQVWUXFWLRQ RYHUKHDG DVVRFLDWHG ZLWK FRQVWUXFWLRQ RI D
SX]]OH �VHH VHFWLRQ ���� WUDQVODWHV LQWR D SHUIRUPDQFH
SHQDOW\ RI OHVV WKDQ �� UHODWLYH WR 7&3 FRQQHFWLRQ
FRPSXWDWLRQ WLPH� 9HULpFDWLRQ RI DQ LQFRUUHFW SX]]OH
WDNHV DW PRVW DQ DYHUDJH RI ����� LQVWUXFWLRQV� HTXLY�
DOHQW WR DW PRVW �� RI WKH WLPH UHTXLUHG WR HVWDEOLVK
D 7&3 FRQQHFWLRQ� $V QRWHG LQ 6HFWLRQ ���� SX]]OHV
FDQ EH FRQVWUXFWHG WR EH DERXW � E\WHV LQ VL]H �SOXV
VHUYLFH LQIRUPDWLRQ� ZKLOH VROXWLRQV DUH DERXW �� E\WHV
LQ VL]H� 7KHVH SHQDOWLHV DUH VPDOO DQG� RI FRXUVH� SDLG
RQO\ ZKHQ WKH VHUYHU LV XQGHU DWWDFN�

1RZ� E\ 7KHRUHP �� ZH UHTXLUH DW OHDVW F y � � DQG
E y ����� 6LQFH E  F7J �P�Nb��� WKLV PHDQV WKDW ZH
UHTXLUH E y �� �d���d���� ��d���� } ��� ���� +HQFH
ZH QHHG % WR FRQWDLQ DERXW ��� ��� �PD[FRQ EXoHU
VORWV� +HXULVWLF �� KRZHYHU� VSHFLpHV WKDW F y � � DQG
E y ����� 7KLV LQVWHDG JLYHV XV E y �� � d ��� d
���� �� d ���� } �� ���� +HQFH� LQ SUDFWLFH� ZH ZRXOG
ZDQW % WR FRQWDLQ RQ WKH RUGHU RI �� ��� � PD[FRQ
EXoHU VORWV� $JDLQ� E\ DSSHDOLQJ WR &RUROODU\ �� DV
JLYHQ LQ WKH $SSHQGL[� PRUH FDUHIXO DQDO\VLV ZRXOG
\LHOG D VPDOOHU YDOXH RI E�

,Q FRQYHQWLRQDO HQYLURQPHQWV� LW LV VWDQGDUG WR
DGRSW D PLQLPXP VHUYHU 7&3 EXoHU VL]H RI ����
VORWV >�@� 7KLV LQFOXGHV EXoHU VORWV GHYRWHG WR GHIHQVH
DJDLQVW 7&3 6<1 qRRGLQJ DWWDFNV� +HQFH WKH FOLHQW
SX]]OH SURWRFRO GRHV QRW \LHOG D VXEVWDQWLDOO\ ODUJHU



EXoHU VL]H WKDQ FXUUHQW UHFRPPHQGDWLRQV�
2I FRXUVH� WKH H[DPSOH DERYH LV EDVHG RQ D VLPSOH

FOLHQW SX]]OH SURWRFRO LQ ZKLFK SX]]OHV DUH RI XQLIRUP
GLrFXOW\� UHTXLULQJ MXVW RYHU D VHFRQG IRU D FOLHQW PD�
FKLQH� *UDFHIXO GHJUDGDWLRQ ZRXOG OHDG WR D EHWWHU
FOLHQW SX]]OH SDUDPHWHUL]DWLRQ� DQG FRQVHTXHQWO\ WR D
VPDOOHU UHTXLUHPHQW RQ WKH VHUYHU EXoHU VL]H�

� &RQFOXVLRQ

:H KDYH SUHVHQWHG D SURWRFRO LQ ZKLFK VPDOO FU\SWR�
JUDSKLF SX]]OHV PD\ VHUYH DV D GHWHUUHQW DJDLQVW FRQ�
QHFWLRQ GHSOHWLRQ DWWDFNV� 7KLV SURWRFRO LV HVSHFLDOO\
YDOXDEOH DJDLQVW DWWDFNHUV FDSDEOH RI GHSOHWLQJ FRQQHF�
WLRQV DW D IDVW UDWH� VXFK DV DWWDFNHUV RQ LQWHUQDO QHW�
ZRUNV RU DWWDFNHUV H[SORLWLQJ UHVRXUFH�LQWHQVLYH FRQ�
QHFWLRQ SURWRFROV OLNH 66/�
7KHUH LV D JUHDW GHDO RI URRP IRU IXUWKHU H[SORUDWLRQ

RI WKH WHFKQLTXHV ZH KDYH SUHVHQWHG KHUH� 7KURXJK D
PRUH GHWDLOHG FRQVLGHUDWLRQ RI WKH SURSHUWLHV RI KDVK
IXQFWLRQV DQG WKH WLPH�VSDFH WUDGHRoV IDFHG E\ DQ DW�
WDFNHU� IRU H[DPSOH� LW PD\ EH SRVVLEOH WR GHYHORS D
IRUP RI PRUH FRPSDFW DQG�RU PRUH HrFLHQWO\ FRP�
SXWDEOH FOLHQW SX]]OH� )XUWKHU LQYHVWLJDWLRQ PLJKW DOVR
\LHOG EHWWHU WKHRUHWLFDO UHVXOWV� SHUKDSV QDUURZLQJ WKH
JDS EHWZHHQ WKH SURWRFRO VHWWLQJV VXJJHVWHG LQ RXU
PDLQ WKHRUHP �7KHRUHP �� DQG WKRVH ZKLFK ZH VXJJHVW
LQ SUDFWLFH �+HXULVWLF ���

$FNQRZOHGJHPHQWV

7KH DXWKRUV ZLVK WR H[WHQG WKDQNV WR 8ODQD /HJHG]D
IRU EULQJLQJ WKH FRQQHFWLRQ GHSOHWLRQ SUREOHP WR WKHLU
DWWHQWLRQ� :H DOVR ZLVK WR WKDQN 0RU +DUFKRO�%DOWHU�
0DUNXV -DNREVVRQ� 5RQDOG -XHOV� %XUW .DOLVNL� DQG
-RKQ /LQQ IRU KHOSIXO GLVFXVVLRQV UHJDUGLQJ WKH LGHDV
LQ WKLV SDSHU� DV ZHOO DV WKH DQRQ\PRXV UHIHUHHV IRU
WKHLU GHWDLOHG FRPPHQWV�
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F R PED WWLQJ MXQN PD LO� ,Q (UQH VW ) � %ULF N H OO� H GLWR U�
3 URF� & 5< 3 7 2 ��� SD J H V � � � ^ � � � � 6SULQJ H U�9 H UOD J �
� � � � � /H F WXUH 1 R WH V LQ & R PSXWH U 6F LH QF H 1 R � � � � �

>� � @ 0 �. � ) UD QN OLQ D QG ' � 0 D ON KL� $ XGLWD EOH PH WH ULQJ
Z LWK OLJ KWZ H LJ KW VH F XULW\ � ,Q 5� + LUVF KIH OG� H GLWR U�
3 URF� ) LQDQFLDO & U\SWRJUDSK\ �� � ) & ��� � SD J H V � � � ^
� � � � 6SULQJ H U�9 H UOD J � � � � � � /H F WXUH 1 R WH V LQ & R P�
SXWH U 6F LH QF H 1 R � � � � � �

>� � @ $ � ) UH LH U� 3� . D UOWR Q� D QG 3� . R F KH U� 7 KH 66/
SUR WR F R O � Y H UVLR Q � �� � 0 D UF K � � � � � $ Y D LOD EOH D W
KWWS�� � KR PH �QH WVF D SH �F R P� H QJ � VVO� � VVO�WR F �KWPO�

>� � @ 3� . D UQ D QG %� 6LPSVR Q� 3KR WXULV� 6H VVLR Q N H \ PD Q�
D J H PH QW SUR WR F R O� ,�' GUD IW�LH WI�LSVH F �SKR WXULV�� � �W[ W�
Z R UN LQ SUR J UH VV� ) H EUXD U\ � � � � �

>� � @ ' � 0 D XJ KD Q� 0 � 6F KH UWOH U� 0 � 6F KQH LGH U� D QG
-� 7 XUQH U� ,QWH UQH W VH F XULW\ D VVR F LD WLR Q D QG N H \ PD Q�
D J H PH QW SUR WR F R O �,6$ . 0 3�� 7 H F KQLF D O UH SR UW� ,(7 ) �
0 D UF K � � � � � ,QWH UQH W�' UD IW�GUD IW�LH WI�LSVH F �LVD N PS�
� � �W[ W�

>� � @ & � 0 F ' LD UPLG� 2Q WKH PH WKR G R I ER XQGH G GLoH U�
H QF H V� ,Q 6X UYH\ LQ & RPELQDWRULFV � SD J H V � � � ^ � � � �
& D PEULGJ H 8 QLY H UVLW\ 3UH VV� � � � � � /R QGR Q 0 D WK� 6R F �
/H F WXUH 1 R WH 6H ULH V � � � �

>� � @ 5� 5LY H VW� 0 � 5R EVKD Z � 5� 6LGQH \ � D QG /� < LQ� 7 KH
5& � EOR F N F LSKH U� � � � � � 3UH VH QWH G D W WKH 1 ,67 ) LUVW
$ (6 & D QGLGD WH & R QIH UH QF H � 9 H QWXUD � & $ �

>� � @ 5�/� 5LY H VW� 7 KH 0 ' � PH VVD J H GLJ H VW D OJ R ULWKP�
,Q $ �-� 0 H QH ] H V D QG 6�$ � 9 D QVWR QH � H GLWR UV� 3 URF�
& 5< 3 7 2 ��� SD J H V � � � ^ � � � � 6SULQJ H U�9 H UOD J � � � � � �
/H F WXUH 1 R WH V LQ & R PSXWH U 6F LH QF H 1 R � � � � �

>� � @ 5�/� 5LY H VW� 7 KH 0 ' � 0 H VVD J H �' LJ H VW $ OJ R ULWKP�
$ SULO � � � � � 5) & � � � � � ,QWH UQH W $ F WLY LWLH V %R D UG�

>� � @ 5�/� 5LY H VW� $ � 6KD PLU� D QG ' � :D J QH U� 7 LPH �OR F N
SX] ] OH V D QG WLPH G�UH OH D VH F U\ SWR � 0 D QXVF ULSW� 7 R D S�
SH D U� � � 0 D UF K � � � � �

>� � @ 7 KH 6WD QGD UG 3H UIR UPD QF H (Y D OXD WLR Q & R USR UD WLR Q�
6SHF:HE�� %HQFKPDUN 5HV X OWV � � � � � � $ Y D LOD EOH D W
KWWS�� � Z Z Z �VSH F EH QF K�R UJ � R VJ � Z H E� � � UH VXOWV�

>� � @ %� =LH J OH U� + D F N H U WD QJ OH V 3D QL[ :H E VLWH � :DOO 6WUHHW
-RX UQDO� � � 6H SWH PEH U � � � � �



$ $SSHQGL[� 3 U RRIV

,Q WKLV DSSHQGL[� ZH DQDO\]H DQG SURYH UHVXOWV DERXW
WKH OHYHO RI GHIHQVH SURYLGHG E\ WKH FOLHQW SX]]OH SUR�
WRFRO� $W pUVW JODQFH� WKLV ZRXOG VHHP VLPSOH� DV ZH
FDQ HDVLO\ FRPSXWH WKH DYHUDJH WLPH UHTXLUHG E\ WKH
DGYHUVDU\ WR VROYH D SX]]OH� DQG ZH NQRZ WKH QXPEHU
RI SX]]OHV UHTXLUHG WR RYHUORDG WKH VHUYHU� 7ZR IDFWV�
KRZHYHU� PDNH WKH DQDO\VLV WULFN\� 7KH pUVW LV WKDW
WKH WLPH UHTXLUHG WR VROYH D FOLHQW SX]]OH LV D UDQGRP
YDULDEOH� 6LQFH VROYLQJ D FOLHQW SX]]OH LQYROYHV D VHDUFK
RI WKH VSDFH RI SRWHQWLDO VROXWLRQV� LW LV SRVVLEOH WKDW
DQ DGYHUVDU\ PD\� ZLWK OXFN� KDSSHQ XSRQ WKH VROX�
WLRQV WR D ODUJH QXPEHU RI SX]]OHV LQ D VKRUW VSDFH
RI WLPH� 7KH VHFRQG IDFW LV WKDW LW LV SRVVLEOH IRU DQ
DGYHUVDU\ WR JXHVV DW WKH VROXWLRQ WR D FOLHQW SX]]OH�
:LWK VRPH VPDOO SUREDELOLW\� DQ DGYHUVDU\
V JXHVV ZLOO
EH FRUUHFW� DQG WKH VHUYHU ZLOO DOORFDWH EXoHU PHPRU\
IRU D FRQQHFWLRQ� 7RJHWKHU� WKHVH WZR IDFWV PHDQ WKDW
HYHQ DQ DGYHUVDU\ ZLWK OLPLWHG FRPSXWLQJ UHVRXUFHV
FDQ PRXQW D VXFFHVVIXO DWWDFN DJDLQVW WKH FOLHQW SX]�
]OH SURWRFRO ZLWK VRPH SUREDELOLW\� %\ PL[LQJ WKH SUR�
FHVVHV RI VROYLQJ DQG JXHVVLQJ DSSURSULDWHO\� LW PLJKW
LQ SULQFLSDO EH SRVVLEOH IRU D FOHYHU DGYHUVDU\ WR PRXQW
D VXFFHVVIXO DWWDFN� 2XU DLP LQ WKLV VHFWLRQ LV WR SURYH
WKDW ZKHQ WKH FOLHQW SX]]OH SURWRFRO LV FRUUHFWO\ SD�
UDPHWHUL]HG� WKH SUREDELOLW\ RI PRXQWLQJ D VXFFHVVIXO
DWWDFN LQ D UHDVRQDEOH VSDFH RI WLPH LV QHJOLJLEOH IRU
DQ\ DGYHUVDU\�

$�� 3 U HOLPLQDU LHV� QRWDWLRQ DQG DV�
VXPSWLRQV

/HW 3 EH D SX]]OH RI WKH IRUP GHVFULEHG DERYH� DQG
OHW 3 >M@ EH WKH MWK VXE�SX]]OH RI 3 � /HW 6>M@ EH WKH
VHW RI SRVVLEOH VROXWLRQV WR 3 >M@� L�H�� WKH �N SRVVLEOH
DVVLJQPHQWV WR ELWV [>M@��� N!� 6LQFH [>M@ DQG \>M@ DUH
RI HTXDO OHQJWK� ZH DVVXPH LQ RXU DQDO\VLV WKDW K� WKH
KDVK IXQFWLRQ XVHG WR JHQHUDWH WKH VXE�SX]]OHV LQ 3 �
LV D UDQGRP SHUPXWDWLRQ� �,Q RWKHU ZRUGV� ZH DVVXPH
WKDW K LV ��� ZKHQ LQSXW DQG RXWSXW DUH RI HTXDO OHQJWK�
DQG ZH DOVR PDNH D UDQGRP RUDFOH DVVXPSWLRQ RQ K��
7KXV D VXE�SX]]OH KDV D XQLTXH VROXWLRQ� DQG WKH PRVW
HoHFWLYH VWUDWHJ\ IRU VROYLQJ D VXE�SX]]OH 3 >M@ LV EUXWH
IRUFH� L�H�� DQ DUELWUDULO\ RUGHUHG �EXW QRQ�UHGXQGDQW�
VHDUFK RI WKH VSDFH 6>M@� $V DERYH� ZH GHpQH D WLPH
VWHS WR EH WKH H[DPLQDWLRQ RI D VLQJOH HOHPHQW RI 6>M@�
5HFDOO WKDW WKH H[SHFWHG QXPEHU RI WLPH VWHSV IRU D
EUXWH IRUFH VHDUFK WR \LHOG D VROXWLRQ WR 3 >M@ LV �Nb��
DQG WKH H[SHFWHG QXPEHU RI WLPH VWHSV IRU D EUXWH IRUFH
VHDUFK WR \LHOG D VROXWLRQ WR 3 LV P�Nb�� :H DVVXPH
WKDW WKH WLPH IRU WKH DGYHUVDU\ WR JXHVV DW DQG VXEPLW
D VROXWLRQ WR D SX]]OH LV RQH WLPH VWHS� $V WKH DSSOLFD�

WLRQ RI D KDVK IXQFWLRQ VXFK DV 0'� UHTXLUHV DERXW ���
LQVWUXFWLRQV� WKLV DVVXPSWLRQ LV DFFXUDWH �DQG SHUKDSV
HYHQ FRQVHUYDWLYH� IRU UHDO�ZRUOG VHWWLQJV�
/HW XV GHQRWH E\ 6 WKH VHW RI SRVVLEOH VROXWLRQV WR

WKH SX]]OH 3 � /HW XV XVH d WR GHQRWH WKH SURGXFW
RI VHWV� 7KH VHW 6 RI SRVVLEOH VROXWLRQV WR 3 FRQ�
VLVWV RI VROXWLRQV WR DOO RI WKH VXE�SX]]OHV LQ 3 � L�H��
6  6>�@ d 6>�@ d � � � d 6>P@� +HQFH WKH VHW 6 LV LVR�
PRUSKLF WR WKH VHW RI DOO ELWVWULQJV RI OHQJWK NP� /HW
6e GHQRWH WKH VXEVHW RI 6 FRQWDLQLQJ DOO VROXWLRQV WR
3 ZKLFK WKH DGYHUVDU\ KDV QRW \HW HOLPLQDWHG IURP
LWV VHDUFK�� 6XSSRVH� IRU H[DPSOH� WKDW WKH DGYHU�
VDU\ KDV VROYHG VXE�SX]]OH 3 >�@� DQG KDV XQVXFFHVV�
IXOO\ VHDUFKHG D VHW FRQVLVWLQJ RI KDOI RI WKH SRVVL�
EOH VROXWLRQV WR VXE�SX]]OH 3 >�@� 7KHQ 6e  [� �
� � � � N ! d�6>�@ b 6e>�@� d 6>�@ d � � � d 6>P@� VR 6e

HoHFWLYHO\ FRQWDLQV �NPbNb� ELWVWULQJV� /HW XV GHpQH
V�3 �  Pb3

M�M6e>M@M M6>M@M�� +HQFH� LQ RXU H[DPSOH
KHUH� V�3 �  � �� 7KH TXDQWLW\ V�3 �� ZKLFK ZH UHIHU
WR DV WKH VROXWLRQ OHYHO RI 3 � PD\ EH ORRVHO\ UHJDUGHG
DV WKH QXPEHU RI VXE�SX]]OHV ZKLFK WKH DGYHUVDU\ KDV
VROYHG LQ 3 � :H PD\ GHpQH V�3 >M@� DQDORJRXVO\ WR EH
WKH SRUWLRQ RI VXE�SX]]OH 3 >M@ ZKLFK WKH DGYHUVDU\ KDV
VROYHG� ,Q SDUWLFXODU� V�3 >M@�  �b �M6e>M@M M6>M@M��
,Q WKH FOLHQW SX]]OH SURWRFRO DV GHVFULEHG DERYH�

WKHUH DUH WKUHH H[SLUDWLRQ WLPHV� H[SLUDWLRQ WLPH 7�
RQ FOLHQW SX]]OHV� 7� RQ SHUPLVVLRQ WR LQLWLDWH SUR�
WRFRO H[HFXWLRQ 0L� DQG 7� RQ WKH EXoHU DVVRFLDWHG
ZLWK 0L� $Q DWWDFNHU VHHNV WR VROYH DV PDQ\ FOLHQW
SX]]OHV DV SRVVLEOH VXEMHFW WR WKHVH FRQVWUDLQWV� /HW
7  7� � 7� � 7�� ,W LV HDV\ WR VHH WKDW DW D JLYHQ
SRLQW LQ WLPH � � WKHUH ZLOO FRUUHVSRQG WR HDFK DOOR�
FDWHG EXoHU VORW LQ % D VROYHG FOLHQW SX]]OH ZKLFK ZDV
UHTXHVWHG DW WKH ODWHVW DW WLPH � b 7 � 7KHUHIRUH� WKH
PD[LPXP QXPEHU RI EXoHU VORWV DQ DGYHUVDU\ FDQ KDYH
DOORFDWHG LQ % LV ERXQGHG DERYH E\ WKH QXPEHU RI
FOLHQW SX]]OHV VKH FDQ VROYH LQ WLPH 7 � ,I E EXoHU VORWV
LQ % DUH GHYRWHG WR GHIHQGLQJ DJDLQVW DQ DGYHUVDU\�
WKH SUREDELOLW\ RI VXFFHVV RI DWWDFN RI DQ DGYHUVDU\ LV
ERXQGHG DERYH SUREDELOLW\ WKDW VKH FDQ VROYH E SX]�
]OHV LQ DQ LQWHUYDO RI WLPH 7 � :H PDNH WKH DVVXPSWLRQ
WKDW WKH DGYHUVDU\ FDQ UHTXHVW DQG UHFHLYH VROYHG SX]�
]OHV LQVWDQWDQHRXVO\� DQG DOVR VXEPLW VROYHG SX]]OHV
LQVWDQWDQHRXVO\� 2WKHU� PRUH LPSRUWDQW ERXQGLQJ DV�
VXPSWLRQV DUH HQXPHUDWHG EHORZ�
/HW XV FRQVLGHU D VFHQDULR LQ ZKLFK DQ HQWLW\

VHHNV WR SHUIRUP D FRPSXWDWLRQ & LQ GLVFUHWH WLPH
VWHSV� VWDUWLQJ ZLWK WLPH VWHS W  �� :H GH�

� 1 RWH WK DW Z K HQ M6eM  �� WK H DG Y HU VDU \ K DV VROY HG WK H S X ]�
]OH LQ T X HVWLRQ � VR WK DW M6eM  � DQ G M6eM  � DU H� IRU DOO LQ WHQ WV
DQ G S X U S RVHV� HT X LY DOHQ W FRQ G LWLRQ V� : H OHW HLWK HU M6eM  � RU
M6eM  � G HQ RWH D p Q LVK HG S X ]]OH � Z K LFK HY HU LV FRQ Y HQ LHQ W IRU
Q RWDWLRQ DQ G P DWK HP DWLFDO FRQ VLVWHQ F\ LQ D JLY HQ FRQ WH[ W� : H
G R OLN HZ LVH IRU 6e>M@ IRU DQ \ VX E �S X ]]OH�



pQH DQ RSWLPDO DOJRULWKP RU VWUDWHJ\ IRU DQ SHU�
IRUPLQJ FRPSXWDWLRQ & LQ 8 WLPH VWHSV DV IRO�
ORZV� /HW FW EH WKH VWDWH RI WKH FRPSXWDWLRQ LQ
WLPH VWHS W� DQG OHW SU>�;�8�&�@ EH WKH SUREDELOLW\
WKDW DOJRULWKP ; FRPSOHWHV FRPSXWDWLRQ & E\ WLPH
8 � $OJRULWKP ; LV RSWLPDO LI IRU DOO DOJRULWKPV <
DQG WLPHV W x 8 � SU>�;�8�&� M FW� FWb�� � � � � F�@ y
SU>�<� 8�&� M FW� FWb�� ���F�@� ,Q RWKHU ZRUGV� HPSOR\LQJ
DOJRULWKP ; \LHOGV WKH KLJKHVW SUREDELOLW\ RI VXFFHVV
DW DQ\ WLPH LUUHVSHFWLYH RI WKH KLVWRU\ RI WKH FRPSX�
WDWLRQ�

)LQDOO\� ZH OHW %) GHQRWH WKH EUXWH IRUFH VWUDWHJ\
IRU VROYLQJ VXE�SX]]OHV� ,Q WKLV VWUDWHJ\� WKH DGYHU�
VDU\ ZRUNV RQ WKH �RU DQ� XQVROYHG VXE�SX]]OH 63 VXFK
WKDW V�63 � LV PD[LPDO� ,Q SDUWLFXODU� WKH DGYHUVDU\
VHDUFKHV DQ DUELWUDU\� XQH[DPLQHG VROXWLRQ WR 63 � 2E�
VHUYH WKDW LI WKH DGYHUVDU\ HPSOR\V %) IURP WKH VWDUW�
WKHQ %) PHDQV VROYLQJ VXE�SX]]OHV LQ VWULFW VHTXHQWLDO
RUGHU� ,Q RWKHU ZRUGV� WKH DGYHUVDU\ UHTXHVWV D VXE�
SX]]OH� ZRUNV RQ LW XQWLO LW LV VROYHG� DQG RQO\ WKHQ
UHTXHVWV DQRWKHU SX]]OH�

$�� % RXQGLQJ DVVXPSWLRQV

:H FRQVLGHU DQ DGYHUVDU\ ZLWK OLPLWHG FRPSXWDWLRQDO
UHVRXUFHV VHHNLQJ WR DWWDFN D VHUYHU RYHU VRPH LQWHU�
YDO RI WLPH 8 � 7KH DGYHUVDU\ FDQ VXEPLW DWWHPSWHG
SX]]OH VROXWLRQV ZLWK YDULDEOH VROXWLRQ OHYHOV� 7KH DG�
YHUVDU\ FDQ� IRU LQVWDQFH� SHUIRUP QR FRPSXWDWLRQDO
HoRUW� VXEPLW D UDQGRP VROXWLRQ WR 3 ZLWK VROXWLRQ
OHYHO V�3 �  �� DQG KRSH WKDW LW KDV JXHVVHG FRUUHFWO\�
:LWK WKLV VWUDWHJ\� WKH DGYHUVDU\ FDQ VXEPLW PDQ\
SRWHQWLDO VROXWLRQV LQ D VKRUW VSDFH RI WLPH� EXW IHZ RI
WKHVH VROXWLRQV DUH OLNHO\ WR EH FRUUHFW� $OWHUQDWLYHO\�
WKH DGYHUVDU\ PD\ LQYHVW WKH IXOO FRPSXWDWLRQDO HI�
IRUW WR VROYH SX]]OHV FRPSOHWHO\� L�H�� VXEPLW SX]]OHV
ZLWK VROXWLRQ OHYHO V�3 �  P� :LWK WKLV VWUDWHJ\� WKH
DGYHUVDU\ LV DVVXUHG WKDW LWV VXEPLWWHG VROXWLRQ WR D
JLYHQ SX]]OH 3 LV FRUUHFW� EXW LW FDQ VXEPLW VROXWLRQV
WR UHODWLYHO\ IHZ SX]]OHV ZLWKLQ D JLYHQ VSDFH RI WLPH�
7KHUH LV� RI FRXUVH� DOVR D FRQWLQXXP RI LQWHUPHGLDWH
OHYHOV RI FRPSXWDWLRQDO LQYHVWPHQW WKH DGYHUVDU\ PD\
PDNH LQ VXEPLWWLQJ DWWHPSWHG SX]]OH VROXWLRQV� )RU
WKH SXUSRVHV RI VLPSOLI\LQJ RXU SURRI� ZH GLYLGH WKLV
FRQWLQXXP LQWR WZR SDUWV� 7KRVH VROXWLRQV WKDW WKH
DGYHUVDU\ VXEPLWV WR SX]]OHV 3 ZLWK V�3 � x P � ZH
UHIHU WR DV VKRUW VROXWLRQV� 6ROXWLRQV WR VXFK SX]]OHV
DUH VKRUW LQ WKH VHQVH WKDW WKH SRUWLRQ RI WKH VROXWLRQ
WKDW LV FRPSXWHG� UDWKHU WKDQ JXHVVHG DW� LV VKRUW� ,Q
FRQWUDVW� ZH UHIHU WR VROXWLRQV VXFK WKDW V�3 � ! P �
DV ORQJ VROXWLRQV� 6XFK SX]]OHV KDYH D KLJK VROXWLRQ
OHYHO� L�H�� PRVW RI WKH DWWHPSWHG VROXWLRQ KDV EHHQ
ZRUNHG RXW� UDWKHU WKDQ JXHVVHG DW� 2I FRXUVH� ZH

FRXOG SDUWLWLRQ WKH FRQWLQXXP RI VROXWLRQ OHYHOV RQ D
SX]]OH LQWR PRUH WKDQ WZR SDUWV� EXW WKH FODVVLpFDWLRQ
LQWR VKRUW DQG ORQJ VROXWLRQV LV VXrFLHQW IRU WKH SXU�
SRVHV RI RXU SURRI� *LYHQ WKLV FODVVLpFDWLRQ� ZH PDNH
XVH RI WKH IROORZLQJ ERXQGLQJ DVVXPSWLRQ WR DFKLHYH
DQ XSSHU ERXQG RQ WKH SRZHU RI WKH DGYHUVDU\� 7KLV
DVVXPSWLRQ LV LPSOLFLW WKURXJKRXW RXU SURRI�

%RXQGLQJ DVVXPSWLRQ � ,I WKH DGYHUVDU\ VXEPLWV
D VKRUW VROXWLRQ WR D SX]]OH 3 �L�H�� V�3 � x P ��� WKHQ
ZH DVVXPH V�3 �  P �� �7KXV� HYHQ LI WKH DGYHU�
VDU\ LQYHVWV QR FRPSXWDWLRQ LQ D VROXWLRQ� ZH DVVXPH
WKDW LW KDV FRUUHFWO\ VROYHG P � VXE�SX]]OHV�� ,I WKH
DGYHUVDU\ VXEPLWV D ORQJ VROXWLRQ WR D SX]]OH 3 �L�H��
V�3 � ! P ��� WKHQ ZH DVVXPH V�3 �  P� L�H�� WKDW WKH
DGYHUVDU\ KDV VROYHG WKH SX]]OH FRPSOHWHO\�

7R VLPSOLI\ RXU SURRI IXUWKHU� ZH PDNH WZR DGGLWLRQDO
ERXQGLQJ DVVXPSWLRQV� 7KHVH DVVXPSWLRQV OLNHZLVH
KDYH WKH HoHFW RI \LHOGLQJ DQ XSSHU ERXQG RQ WKH SRZHU
RI RQ DQ DGYHUVDU\ PRXQWLQJ DQ DWWDFN RYHU D WLPH LQ�
WHUYDO RI OHQJWK 8 � :H DSSO\ WKLV QH[W ERXQGLQJ DV�
VXPSWLRQ WR ORQJ VROXWLRQV� VLPSOLI\LQJ WKH WDVN RI WKH
DGYHUVDU\ LQ VXEPLWWLQJ VXFK VROXWLRQV�

%RXQGLQJ DVVXPSWLRQ � :H UHOD[ WKH UHTXLUHPHQW
WKDW VXE�SX]]OHV EH JURXSHG LQ SX]]OHV� ,QVWHDG� ZKHQ
WKH DGYHUVDU\ PXVW VXEPLW ; ORQJ VROXWLRQV LQ D JLYHQ
WLPH LQWHUYDO� ZH DVVXPH WKDW LW LV VXrFLHQW IRU WKH DG�
YHUVDU\ VLPSO\ WR VXEPLW P; � FRUUHFWO\ VROYHG VXE�
SX]]OHV RI LWV FKRLFH�

1RUPDOO\� WR PRXQW D VXFFHVVIXO DWWDFN RYHU D SH�
ULRG RI WLPH 8 DJDLQVW D EXoHU %� WKH DGYHUVDU\ PXVW
VXEPLW DW OHDVW E FRUUHFWO\ VROYHG SX]]OHV� :H SDUWL�
WLRQ WKH E VORWV GHYRWHG WR WKH FOLHQW SX]]OH SURWRFRO LQ
EXoHU % LQWR WZR EXoHUV %� DQG %� ZLWK �DUELWUDU\�
VL]HV E � DQG �E � UHVSHFWLYHO\� :H WKHQ UHQGHU WKH
WDVN RI WKH DGYHUVDU\ HDVLHU DV IROORZV�

%RXQGLQJ DVVXPSWLRQ � :H DOORZ WKH DGYHUVDU\
WR DWWHPSW WKH IROORZLQJ WZR WDVNV� DVVXPLQJ WKDW WKH
DGYHUVDU\ LV VXFFHVVIXO LI LW SHUIRUPV HLWKHU RQH VXF�
FHVVIXOO\� ��� )LOO EXoHU %� LQ WLPH 8 E\ VXEPLWWLQJ
HQRXJK FRUUHFW VKRUW VROXWLRQV� RU ��� )LOO EXoHU %� LQ
WLPH 8 E\ VXEPLWWLQJ HQRXJK ORQJ VROXWLRQV� �1RWH
WKDW RXU XVH RI %RXQGLQJ $VVXPSWLRQ � LV VXFK WKDW
ZH GRQ
W UHTXLUH ORQJ VROXWLRQV WR EH FRUUHFW WR FDXVH
DOORFDWLRQV LQ EXoHU %���

$�� 3 U RRI RXWOLQH

7R VXPPDUL]H� WKHQ� ZH DOORZ WKH DGYHUVDU\ WLPH 8 WR
WU\ WR pOO EXoHU %� E\ PHDQV RI VKRUW VROXWLRQV DQG



WLPH 8 WR WU\ WR pOO EXoHU %� E\ PHDQV RI ORQJ VROX�
WLRQV� :H VKRZ WKDW VKRUW VROXWLRQV DUH XQOLNHO\ WR EH
FRUUHFW �/HPPD ��� 7KLV OHDGV XV WR VKRZ WKDW WKH DG�
YHUVDU\ KDV D YHU\ ORZ SUREDELOLW\ RI VXFFHVVIXOO\ pOOLQJ
EXoHU %� �/HPPD ��� )RU WKH DGYHUVDU\ WR pOO EXoHU
%� VXFFHVVIXOO\� ZH UHOD[ WKH UHTXLUHPHQW WKDW WKH DG�
YHUVDU\ VXEPLW WKH UHTXLUHG QXPEHU RI FRUUHFW ORQJ
VROXWLRQV� ,QVWHDG� XQGHU %RXQGLQJ $VVXPSWLRQ �� ZH
DOORZ WKH DGYHUVDU\ WR VXEPLW DQ DSSURSULDWH QXPEHU
RI LQGHSHQGHQW VXE�SX]]OHV� $Q DGYHUVDU\ PD\ VHHN WR
H[SORLW YDULDWLRQV LQ VROXWLRQ WLPH RI VXE�SX]]OHV ^ SHU�
KDSV E\ PHDQV RI D SUREDELOLVWLF VWUDWHJ\ ^ WR UHGXFH
WKH FRPSXWDWLRQDO SRZHU LW UHTXLUHV WR PRXQW D VXF�
FHVVIXO DWWDFN� :H VKRZ� KRZHYHU� WKDW WKH EUXWH IRUFH
DOJRULWKP �%)� LV RSWLPDO IRU WKH DGYHUVDU\ LQ VROYLQJ
LQGHSHQGHQW VXE�SX]]OHV �/HPPD ��� :H VKRZ IXUWKHU
WKDW WKH WLPH IRU %) WR VROYH WKH QHFHVVDU\ QXPEHU RI
VXE�SX]]OHV LV ORQJ HQRXJK VR WKDW LW LV YHU\ XQOLNHO\
WKH DGYHUVDU\ FDQ GR VR LQ WLPH 8 �/HPPD ��� 6LQFH
WKH DGYHUVDU\ LV OLNHO\ WR EH DEOH WR pOO QHLWKHU EXoHU
%� QRU EXoHU %�� ZH REWDLQ RXU PDLQ WKHRUHP� 7KH�
RUHP �� VWDWLQJ WKDW WKH DGYHUVDU\ LV YHU\ XQOLNHO\ WR
EH DEOH WR PRXQW D VXFFHVVIXO GHQLDO RI VHUYLFH DWWDFN
E\ RYHUORDGLQJ EXoHU % LQ D IHDVLEOH LQWHUYDO RI WLPH
8 �

$�� 3 U RRIV

:H EHJLQ E\ VKRZLQJ WKDW VKRUW VROXWLRQV DUH� LQ JHQ�
HUDO� XQOLNHO\ WR EH FRUUHFW�

/HPPD � 7KH SUREDELOLW\ WKDW D VKRUW VROXWLRQ LV FRU�
UHFW LV x �bNP ��

3URRI� 6XSSRVH WKDW V�3 >M@� � V�3 >M�@� � �� ,Q
RWKHU ZRUGV� VXSSRVH WKDW WKH DGYHUVDU\ KDV QRW VROYHG
VXE�SX]]OHV 3 >M@ DQG 3 >M�@ FRPSOHWHO\� /HW T EH WKH
SUREDELOLW\ WKDW LI WKH DGYHUVDU\ JXHVVHV DW D VR�
OXWLRQ WR 3 � LW ZLOO JXHVV FRUUHFW VROXWLRQV WR 3 >M@
DQG 3 >M�@� ,W LV VWUDLJKWIRUZDUG WR VHH WKDW T  
� �M6e�3 >M@�MM6e�3 >M�@�M�� ,I V�3 >M@� � V�3 >M�@� � ��
WKHQ M6e�3 >M@�M � M6e�3 >M�@�M ! �N� ,W LV HDV\ WR
VKRZ WKDW T LV PD[LPL]HG ZKHQ M6e�3 >M�@�M  �N DQG
M6e�3 >M@�M LV PLQLPL]HG� L�H�� ZKHQ V�3 >M@�  V�3 >M@� �
V�3 >M�@�� DQG V�3 >M�@�  �� ,I V�3 >M@� � V�3 >M�@� y ��
WKHQ T LV VLPLODUO\ PD[LPL]HG ZKHQ M6e�3 >M@�M  ��
L�H�� ZKHQ V�3 >M@�  �� $OO RI WKLV LV WR VD\� LQ ORRVH
WHUPV� WKDW T LV PD[LPL]HG ZKHQ WKH VHDUFK RI WKH DG�
YHUVDU\ KDV EHHQ FRQFHQWUDWHG DV PXFK DV SRVVLEOH RQ
RQH VXE�SX]]OH� %\ D VWUDLJKWIRUZDUG LQGXFWLYH DUJX�
PHQW� LW IROORZV WKDW WKH SUREDELOLW\ WKDW DQ DGYHUVDU\
PDNHV D FRUUHFW JXHVV RQ D SX]]OH 3 LV PD[LPL]HG
ZKHQ WKH VHDUFK RI WKH DGYHUVDU\ KDV EHHQ FRQFHQ�
WUDWHG RQ DV IHZ VXE�SX]]OHV DV SRVVLEOH� &DOO WKLV

SUREDELOLW\ U� 7KH SUREDELOLW\ U LV PD[LPL]HG ZKHQ
V�3 >�@�  V�3 >�@�  � � �  V�3 >EV�3 �F@�  � DQG
V�3 >GV�3 �H@  V�3 �b EV�3 �F�� ,W LV HDV\ WR VKRZ QRZ
WKDW IRU DQ\ VKRUW VROXWLRQ� U x �bN�PbV�3 ��� 7KH
/HPPD IROORZV� XW
2EVHUYDWLRQ � /HW 63 DQG 63 � EH WZR VXE�SX]]OHV�
/HW S EH WKH SUREDELOLW\ WKDW WKH DGYHUVDU\ VROYHV 63 RQ
WKH QH[W VWHS RI ZRUN RQ WKDW VXE�SX]]OH� DQG S� EH WKH
SUREDELOLW\ WKDW WKH DGYHUVDU\ VROYHV 63 � RQ WKH QH[W
VWHS RI ZRUN RQ 63 �� ,I V�63 � x V�63 ��� WKHQ S x S��

3URRI� 7KH SUREDELOLW\ WKDW DQ DGYHUVDU\ VROYHV D
XQVROYHG VXE�SX]]OH 63 E\ ZRUNLQJ RQ LW IRU RQH WLPH
VWHS LV � �M6e�63 �M�� DQG WKXV LQFUHDVLQJ ZLWK UHVSHFW
WR V�63 �� 7KH REVHUYDWLRQ IROORZV� XW
2EVHUYDWLRQ � PHDQV WKDW WKH ZRUN WKH DGYHUVDU\

ZRUNV RQ D VXE�SX]]OH� WKH PRUH LW SD\V WR FRQWLQXH WR
ZRUN RQ WKDW VXE�SX]]OH� 7KLV REVHUYDWLRQ LV FUXFLDO
WR RXU SURRIV� VXJJHVWLQJ DV LW GRHV WKDW WKH RSWLPDO
VWUDWHJ\ IRU WKH DGYHUVDU\ LV WR ZRUN RQ SX]]OHV LQ D
VWULFWO\ VHTXHQWLDO IDVKLRQ� :H SURFHHG WR SURYH WKDW
WKLV LV WKH FDVH�

/HPPD � /HW 63�� 63�� � � � EH D VHTXHQFH RI �SDU�
WLDOO\ VROYHG� VXE�SX]]OHV� DQG ] y �� 7KHQ IRU DQ\
Q� %) LV DQ RSWLPDO DOJRULWKP IRU DQ DGYHUVDU\ WR
DFKLHYH

3
L V�63L� y ] LQ Q WLPH VWHSV�

3URRI� /HW Q EH DQ DUELWUDU\ QXPEHU RI WLPH VWHSV�
DQG OHW & GHQRWH FRPSXWDWLRQ DFKLHYLQJ

3
L V�63L� y

]� /HW + EH WKH KLVWRU\ RI FRPSXWDWLRQ RI DOO
FRPSXWDWLRQ SHUIRUPHG E\ WKH DGYHUVDU\ RQ SX]]OHV
63�� 63�� � � �� /HW F EH WKH FXUUHQW VWDWH RI FRPSXWD�
WLRQ� :H VKDOO SURYH LQGXFWLYHO\ RQ M WKDW IRU DOO < � LW
LV WKH FDVH WKDW SU>�%)� M� &� M + @ y SU>�<� M� &� M + @�
,Q RWKHU ZRUGV� %) LV RSWLPDO� &RQVLGHU M  �� ,I
WKH VWDWH RI WKH FRPSXWDWLRQ F DW WKLV SRLQW LV VXFK
WKDW

3
L V�63L� y ] b � �N� WKHQ DQ\ DOJRULWKP ZKLFK

ZRUNV RQ DQ XQVROYHG VXE�SX]]OH ZLOO FRPSOHWH FRP�
SXWDWLRQ &� ,I

3
L V�63L� � ] b � �N� WKHQ HLWKHU &

FDQQRW EH DFKLHYHG� RU HOVH WKH RQO\ ZD\ WKDW & FDQ EH
DFKLHYHG E\ WLPH VWHS Q LV IRU WKH DGYHUVDU\ WR VROYH
DQ XQVROYHG VXE�SX]]OH LQ WKH QH[W WLPH VWHS� /HW XV
DVVXPH WKH ODWWHU� %\ 2EVHUYDWLRQ �� WKH DGYHUVDU\
PD[LPL]HV LWV SUREDELOLW\ RI DFKLHYLQJ WKLV E\ ZRUNLQJ
RQ WKH XQVROYHG VXE�SX]]OH 63L VXFK WKDW V�63L� LV
PD[LPDO� ,Q RWKHU ZRUGV� %) LV RSWLPDO�
/HW XV DVVXPH LQGXFWLYHO\ WKDW %) LV RSWLPDO IRU

M � Q� DQG QRZ FRQVLGHU M  Q� /HW XV UHIHU WR WKH
pUVW WLPH VWHS DW WKLV SRLQW DV WKH LQLWLDO WLPH VWHS�
/HW XV GHQRWH E\ : ��� WKRVH XQVROYHG VXE�SX]]OHV
ZKLFK KDYH UHFHLYHG WKH PD[LPDO DPRXQW RI ZRUN SULRU
WR WKH LQLWLDO WLPH VWHS� L�H�� DOO XQVROYHG VXE�SX]]OHV



63 VXFK WKDW V�63 � LV PD[LPDO DPRQJ XQVROYHG VXE�
SX]]OHV� /HW XV GHQRWH E\ : ��� WKRVH XQVROYHG VXE�
SX]]OHV ZKLFK KDYH UHFHLYHG WKH VHFRQG ODUJHVW TXDQ�
WLW\ RI ZRUN� HWF� 7KH DOJRULWKP %) ZRXOG� LQ WKLV LQL�
WLDO WLPH VWHS� ZRUN RQ VRPH VXE�SX]]OH LQ : ���� /HW
XV VXSSRVH LQVWHDG WKDW WKHUH LV DQ RSWLPDO DOJRULWKP
; ZKLFK ZRUNV RQ VRPH VXE�SX]]OH ZKLFK KDV UHFHLYHG
OHVV WKDQ WKH PD[LPDO DPRXQW RI ZRUN� L�H�� VRPH VXE�
SX]]OH 63 � � : �]� IRU ] ! �� 7KLV� RI FRXUVH� HLWKHU
SURPRWHV 63 � WR : �] b �� RU VROYHV LW� /HW XV UHJDUG
WKH SDUWLWLRQLQJ RI VXE�SX]]OHV GHpQHG E\ : DV IUR]HQ
IURP WKLV SRLQW RQ�

%\ LQGXFWLRQ� %) ZLOO EH RSWLPDO DIWHU WKLV WLPH
VWHS� VR ZH PD\ DVVXPH WKDW ; UXQV %) IRU DOO RI
WKH Q b � UHPDLQLQJ WLPH VWHSV� 7KLV PHDQV WKDW WKH
DGYHUVDU\ LV ZRUNLQJ RQ VXE�SX]]OHV LQ: ���� WKHQ VXE�
SX]]OHV LQ : ���� HWF� :H FDQ H[DPLQH WKH SURJUHVV RI
WKH DGYHUVDU\ LQ WKHVH UHPDLQLQJ WLPH VWHSV LQ WHUPV
RI WZR FDVHV�

&DVH �� 7KH DGYHUVDU\ QHYHU pQLVKHV : �]b ��� L�H��
GRHVQ
W VROYH DOO VXE�SX]]OHV LQ : �]b��� ,Q WKLV FDVH�
WKH DGYHUVDU\ DSSOLHV RQO\ RQH VWHS RI ZRUN WR 63 ��
,I WKH DGYHUVDU\ KDG QRW ZRUNHG RQ 63 � LQ WKH LQLWLDO
WLPH VWHS� DQG KDG SXUVXHG DOJRULWKP %) LQVWHDG RI
; � LW ZRXOG KDYH EHHQ LQVWHDG DEOH WR GHYRWH RQH PRUH
VWHS RI ZRUN WR VRPH SX]]OH 63 LQ : �] b L� IRU VRPH
L y �� ,Q RWKHU ZRUGV� WKH DGYHUVDU\ FRXOG KDYH ZRUNHG
RQ VRPH SX]]OH 63 VXFK WKDW V�63 � y V�63 ��� %\
2EVHUYDWLRQ �� WKLV ZRXOG KDYH PHDQW DW OHDVW DV KLJK
D SUREDELOLW\ RI VXFFHVV RI FRPSOHWLQJ FRPSXWDWLRQ &�
+HQFH HPSOR\LQJ %) LQ WKH LQLWLDO WLPH VWHS \LHOGV DW
OHDVW DV KLJK D SUREDELOLW\ RI VXFFHVV DV HPSOR\LQJ ; �

&DVH �� 7KH DGYHUVDU\ pQLVKHV : �] b ��� ,Q WKLV
FDVH� WKH DGYHUVDU\ KDV PHUHO\ VKXsHG WKH RUGHU RI
LWV ZRUN� 7KH DGYHUVDU\ KDV DSSOLHG RQH LQLWLDO VWHS
RI ZRUN WR 63 �� HLWKHU VROYLQJ 63 � RU SURPRWLQJ LW WR
: �]b��� ,I WKH DGYHUVDU\ SURPRWHG 63 � WR : �]b���
WKHQ LW VXEVHTXHQWO\ DSSOLHG Z DGGLWLRQDO VWHSV RI ZRUN
WR FRPSOHWH 63 �� ,Q HLWKHU FDVH� LI WKH DGYHUVDU\ KDG
LQVWHDG QRW ZRUNHG RQ 63
 LQ WKH LQLWLDO WLPH VWHS� OHDY�
LQJ 63 � LQ : �]�� LW ZRXOG KDYH UHVHUYHG DW OHDVW RQH
H[WUD VWHS XQWLO DIWHU LW KDG FRPSOHWHG : �] b ��� ,Q
WKLV FDVH LW ZRXOG KDYH DSSOLHG DW OHDVW Z � � VWHSV WR
D VXE�SX]]OH LQ : �]�� ZKLFK ZH PD\ DVVXPH� Z�O�R�J�
LV 63 �� +HQFH� LQ HLWKHU FDVH� 63 � ZRXOG KDYH EHHQ
VROYHG �ZLWK WKH VDPH DPRXQW RI ZRUN� RI FRXUVH��
+HQFH HPSOR\LQJ %) LQ WKH LQLWLDO WLPH VWHS \LHOGV
DW OHDVW DV KLJK D SUREDELOLW\ RI VXFFHVV DV HPSOR\LQJ
; � XW
7KH IROORZLQJ FRUROODU\ LV QRZ LPPHGLDWH�

&RUROODU\ � 7KH RSWLPDO DOJRULWKP IRU FRPSXWLQJ D
ORQJ VROXWLRQ WR SX]]OH 3 LV WR DSSO\ %) WR LWV FRPSR�
QHQW VXE�SX]]OHV XQWLO P � VXE�SX]]OHV DUH VROYHG� XW
&RUROODU\ � ZRXOG VHHP WR LPSO\ WKDW DQ RSWLPDO

DGYHUVDULDO VWUDWHJ\ IRU FRPSXWLQJ DV PDQ\ ORQJ VROX�
WLRQV DV SRVVLEOH LQ D JLYHQ LQWHUYDO RI WLPH LV WR ZRUN
RQ SX]]OHV VHTXHQWLDOO\� 7KLV LV QRW QHFHVVDULO\ WKH
FDVH� KRZHYHU� &RUROODU\ � WHOOV XV WKDW DQ RSWLPDO DG�
YHUVDU\ ZLOO DSSO\ %) WR WKH VXE�SX]]OHV LQ DQ\ JLYHQ
SX]]OH� $ FUDIW\ DGYHUVDU\� KRZHYHU� PLJKW LQFUHDVH
LWV HrFLHQF\ E\ LQWHUOHDYLQJ ZRUN RQ D QXPEHU RI SX]�
]OHV� DQG FRQFHQWUDWLQJ PRUH ZRUN RQ WKRVH SX]]OHV RQ
ZKLFK LW LV PDNLQJ WKH EHVW SURJUHVV� 5DWKHU WKDQ DW�
WHPSWLQJ WR DQDO\]H DQ DGYHUVDU\ RI WKLV VRUW� ZH PDNH
XVH RI WKH IROORZLQJ� VLPSOH REVHUYDWLRQ�

2EVHUYDWLRQ � ,Q RUGHU WR VXEPLW ] ORQJ VROXWLRQV�
DQ RSWLPDO DGYHUVDU\ PXVW FRUUHFWO\ VROYH DW OHDVW
]P � VXE�SX]]OHV� XW
2EVHUYDWLRQ � HQDEOHV XV WR LQYRNH %RXQGLQJ $V�

VXPSWLRQ � IURP DERYH� 1RZ� LQVWHDG RI UHTXLULQJ WKH
DGYHUVDU\ WR VXEPLW ] ORQJ VROXWLRQV LQ D JLYHQ VSDFH RI
WLPH� ZH DOORZ WKH DGYHUVDU\ LQVWHDG WR VXEPLW ]P �
VXE�SX]]OHV� :H SHUPLW WKH DGYHUVDU\ WR UHTXHVW DQG
VROYH WKHVH VXE�SX]]OHV LQGHSHQGHQWO\ RI RQH DQRWKHU�
$V QRWHG DERYH� LQ RUGHU IRU DQ DGYHUVDU\ WR KDYH

E EXoHU VORWV DOORFDWHG DW D JLYHQ WLPH W� WKH DGYHU�
VDU\ PXVW KDYH VXEPLWWHG FRUUHFW VROXWLRQV WR DW OHDVW
E SX]]OHV UHTXHVWHG LQ WKH SUHYLRXV WLPH LQWHUYDO 7 �
6RPH RI WKHVH VROXWLRQV PD\ EH VKRUW� DQG VRPH PD\
EH ORQJ� :H ERXQG WKH SRZHU RI WKH DGYHUVDU\ VHSD�
UDWHO\ ZLWK UHVSHFW WR VKRUW DQG ORQJ� 7R GR WKLV� ZH
LQYRNH %RXQGLQJ $VVXPSWLRQ ��
5HFDOO WKDW XQGHU %RXQGLQJ $VVXPSWLRQ �� ZH SDUWL�

WLRQ WKH E VORWV LQ EXoHU % GHYRWHG WR WKH FOLHQW SX]]OH
SURWRFRO LQWR PHPRU\ VSDFHV %� DQG %�� %XoHU PHP�
RU\ %� LV UHVHUYHG IRU WKH VXEPLVVLRQ RI FRUUHFW VKRUW
VROXWLRQV� :H DOORFDWH WR %� �VRPHZKDW DUELWUDULO\� D
����IUDFWLRQ RI WKH EXoHU VORWV E LQ %� L�H�� WKH QXPEHU
RI EXoHU VORWV LQ %� LV HTXDO WR E �� %XoHU PHPRU\
%� LV UHVHUYHG IRU WKH VXEPLVVLRQ RI ORQJ VROXWLRQV� :H
DOORFDWH WR %� WKH UHPDLQLQJ �E � EXoHU VORWV� ,Q RU�
GHU WR PRXQW D VXFFHVVIXO DWWDFN� WKH DGYHUVDU\ PXVW
RYHUORDG HLWKHU EXoHU %� RU EXoHU %� �RU ERWK�� :H
VKRZ WKDW DQ DGYHUVDU\ LV XQOLNHO\ WR EH DEOH WR GR
HLWKHU�
:H pUVW UHTXLUH WKH IROORZLQJ OHPPD� EDVHG RQ WKH

+RHoGLQJ LQHTXDOLWLHV SUHVHQWHG LQ 0F'LDUPLG >��@�

/HPPD � �+RHoGLQJ ,QHTXDOLWLHV� /HW
;��;�� � � � � ;Q EH D VHW RI LQGHSHQGHQW� LGHQWLFDOO\ GLV�
WULEXWHG UDQGRP YDULDEOHV LQ >���@� DQG OHW ;  

3
L ;L�

7KHQ�



�� SU>; b(>;@ y s(>;@@ x H[S�b� �s�(>;@� DQG
�� SU>; b(>;@ x bs(>;@@ x H[S�b� �s�(>;@��

XW

/HW XV pUVW WXUQ RXU DWWHQWLRQ WR EXoHU %�� WKH
EXoHU GHYRWHG WR FRUUHFW VKRUW VROXWLRQV� 7KH IROORZ�
LQJ OHPPD VWDWHV WKDW LI E LV VXrFLHQWO\ ODUJH� WKHQ S%�

�
WKH SUREDELOLW\ WKDW WKH DGYHUVDU\ PRXQWV D VXFFHVVIXO
DWWDFN DJDLQVW %�� LV VPDOO� ,Q DFFRUGDQFH ZLWK RXU
QRWDWLRQ DERYH� OHW XV GHQRWH E\ J WKH QXPEHU RI WLPH
VWHSV SHU VHFRQG IRU WKH DGYHUVDU\� L�H�� WKH QXPEHU RI
KDVKHV SHU VHFRQG WKH DGYHUVDU\ FDQ SHUIRUP�

/HPPD � /HW XV GHQRWH E\ S%�
WKH SUREDELOLW\ WKDW

WKH DGYHUVDU\ PRXQWV DQ DWWDFN VXFFHVVIXOO\ RQ %� LQ
WLPH 8 � 7KHQ S%�

x 8J�H[S�b� ��E��NP ��b� 7J b
���7J�bNP ���

3URRI� %\ DVVXPSWLRQ� DQ DGYHUVDU\ FDQ VXEPLW
DW PRVW 7J VKRUW VROXWLRQV LQ DQ LQWHUYDO RI WLPH
7J� /HW ;L EH D UDQGRP YDULDEOH HTXDO WR � LI WKH
LWK VKRUW VROXWLRQ VXEPLWWHG E\ WKH DGYHUVDU\ LV FRU�
UHFW� DQG � RWKHUZLVH� /HW ;  

37
L  � J;L� %\

/HPPD �� WKH SUREDELOLW\ WKDW D VKRUW VROXWLRQ LV FRU�
UHFW LV x �bNP �� KHQFH (>;@  7J�bNP �� 7KH
DWWDFN RQ EXoHU PHPRU\ %� LV GHHPHG VXFFHVVIXO LI
; y E �� 7KXV WKH SUREDELOLW\ RI D VXFFHVVIXO DW�
WDFN RQ %� LV DW PRVW SU>; b (>; @ y E � b (>; @@  
SU>;b(>;@ y �E ��(>; @b���(>;@@  SU>;b(>;@ y
�E�NP � �7Jb��(>;@@� %\ /HPPD � �LQHTXDOLW\ �����
WKHQ S%�

x H[S�b� ��E��NP ��b� 7Jb���7J�bNP ���
6LQFH SX]]OH JXHVV VXFFHVVHV DUH LQGHSHQGHQW RI RQH
DQRWKHU� WKH UHVXOW IROORZV E\ D XQLRQ ERXQG� XW
7KH SURRI RI /HPPD � UHOLHV RQ WKH IDFW WKDW DQ DG�

YHUVDU\ LV XQOLNHO\ WR EH DEOH WR JXHVV VROXWLRQV FRU�
UHFWO\� /HPPD � WUHDWV WKH FDVH RI ORQJ VROXWLRQV�
/HPPD � HVVHQWLDOO\ H[SUHVVHV WKH IDFW WKDW DQ DGYHU�
VDU\ ZRUNLQJ RQ PDQ\ ORQJ VROXWLRQV LV OLNHO\ WR WDNH
DERXW WKH H[SHFWHG DPRXQW RI WLPH WR GR VR�

/HPPD � /HW XV GHQRWH E\ S%�
WKH SUREDELOLW\ WKDW

WKH DGYHUVDU\ PRXQWV DQ DWWDFN VXFFHVVIXOO\ RQ %�

LQ WLPH 8 � 7KHQ S%�
x 8J�H[S�b��EP ����� b

7J ��EP�Nb�������

3URRI� ,Q RUGHU WR DWWDFN EXoHU PHPRU\ %� VXFFHVV�
IXOO\� WKH DGYHUVDU\ PXVW VXEPLW DW OHDVW � �E FRUUHFW
ORQJ VROXWLRQV� %\ 2EVHUYDWLRQ �� WKLV PHDQV WKDW WKH
DGYHUVDU\ PXVW VXEPLW DW OHDVW �EP �� VROYHG VXE�
SX]]OHV� %\ /HPPD �� DQ RSWLPDO DGYHUVDU\ ZLOO VROYH
WKHVH VXE�SX]]OHV LQ VWULFW� VHTXHQWLDO RUGHU� 5HFDOO
WKDW WKH WLPH WR VROYH D VXE�SX]]OH LV D XQLIRUP UDQGRP
YDULDEOH XQLIRUP RQ WKH LQWHUYDO RI LQWHJHUV >�� �N@� /HW

;L EH D UDQGRP YDULDEOH GHQRWLQJ WKH WLPH UHTXLUHG
WR VROYH WKH LWK VXE�SX]]OH GLYLGHG E\ �N� +HQFH ;L

LV XQLIRUP RYHU >���@� /HW ;  
3�EP ��

L ;L� 7KXV
WKH WLPH UHTXLUHG IRU WKH DGYHUVDU\ WR VROYH WKH VXE�
SX]]OHV LV �N; VWHSV� DQG (>;@  �EP ��� ,Q RU�
GHU IRU WKH DGYHUVDU\
V DWWDFN WR EH VXFFHVVIXO� WKHUH�
IRUH� LW PXVW EH WKH FDVH WKDW �N; x 7J� 1RZ�
E\ WKH +RHoGLQJ LQHTXDOLW\ JLYHQ LQ /HPPD � �LQ�
HTXDOLW\ ����� SU>�N; x 7J@  SU>; x 7J�bN@  
SU>; b(>;@ x b��b 7J ��N(>;@��(>;@@ LV ERXQGHG
DERYH E\ H[S�b� ��� b 7J ��N(>;@���(>;@��  
H[S�b��EP �����b 7J ��EP�Nb������
6XSSRVH WKDW WKH DGYHUVDU\ KDV EHHQ VXFFHVVIXO LQ

RYHUORDGLQJ %� LQ WLPH VWHS Wb �� 6LQFH WKH DGYHUVDU\
VXEPLWV DW PRVW RQH SX]]OH SHU WLPH VWHS� DW PRVW RQH
SX]]OH FDQ H[SLUH LQ DQ\ JLYHQ WLPH VWHS� DQG KHQFH
RQO\ RQH RI WKH EXoHU VORWV LQ %� ZLOO H[SLUH LQ WLPH
VWHS W� +HQFH� WKH SUREDELOLW\ WKDW WKH DGYHUVDU\ LV
VXFFHVVIXO LQ RYHUORDGLQJ %� DJDLQ LQ WLPH VWHS W LV
HTXDO WR WKH SUREDELOLW\ WKDW LW VROYHV D QHZ VXE�SX]]OH
LQ WLPH VWHS W� ZKLFK LV DW OHDVW �bN� 7KLV LV PRUH WKDQ
WKH D SULRUL SUREDELOLW\ WKDW WKH DGYHUVDU\ VXFFHVVIXOO\
RYHUORDGV %� LQ WLPH VWHS W� ,Q RWKHU ZRUGV� WKH SURED�
ELOLW\ RI VXFFHVV LQ WLPH VWHS W FRQGLWLRQDO RQ VXFFHVV LQ
Wb� LV JUHDWHU WKDQ WKH D SULRUL SUREDELOLW\� ,W IROORZV
WKDW WKH SUREDELOLW\ WKDW WKH DGYHUVDU\ RYHUORDGV %�

LQ WLPH VWHS W FRQGLWLRQDO RQ IDLOXUH WR RYHUORDG %� LQ
WLPH VWHS Wb� PXVW EH OHVV WKDQ WKH D SULRUL SUREDELO�
LW\� 7KHUHIRUH WKH UHVXOW IROORZV E\ D XQLRQ ERXQG� XW
:H FDQ QRZ ERXQG WKH VXFFHVV SUREDELOLW\ RI WKH

DGYHUVDU\ E\ FRPELQLQJ /HPPDV � DQG �� 7KLV \LHOGV
D VRPHZKDW FRPSOLFDWHG H[SUHVVLRQ LQ WKH SDUDPHWHUV
E� N�P� 7� J� DQG 8 � DQG LPSOLFLWO\ RQ WKH UDWLR RI WKH
FRPSXWLQJ SRZHU RI WKH DGYHUVDU\ WR WKDW RI FOLHQWV� ,Q
SDUWLFXODU� LW LV HDV\ WR VHH WKDW D XQLRQ ERXQG \LHOGV
WKH IROORZLQJ�

&RUROODU\ � /HW S EH WKH SUREDELOLW\ WKDW DQ DG�
YHUVDU\ PRXQWV D VXFFHVVIXO DWWDFN DJDLQVW WKH
FOLHQW SX]]OH SURWRFRO LQ 8 WLPH VWHSV� 7KHQ
S x 8J>H[S�b� ��E��NP ��b� 7J b ���7J�NP �� �
H[S�b��EP �����b 7J ��EP�Nb�����@� XW

,Q WKH LQWHUHVW RI SURGXFLQJ D VLPSOHU� LI OHVV JHQHUDO
PDLQ WKHRUHP� ZH PDNH WKH IROORZLQJ WKUHH DVVXPS�
WLRQV RQ WKH SDUDPHWHUV LQ WKH H[SUHVVLRQ RI &RUROODU\
�� 7KHVH DVVXPSWLRQV GHVFULEH D FRQYHQWLRQDO DWWDFN
PRGHO DQG XVDJH SDUDPHWHUV�

�� 7KH DGYHUVDU\ KDV D WRWDO FRPSXWLQJ SRZHU RI QR
PRUH WKDQ ��� 0,36� $ WLPH VWHS LV GHpQHG WR EH
WKH WLPH IRU WKH DGYHUVDU\ WR H[HFXWH ��� LQVWUXF�
WLRQV �L�H�� RQH 0'� FRPSXWDWLRQ�� ,W IROORZV WKDW



WKH DGYHUVDU\ H[HFXWHV QR PRUH WKDQ �d���� WLPH
VWHSV � VHF� L�H�� WKDW J x �d ����

�� 7KH DGYHUVDU\ GHYRWHV QR PRUH WKDQ D \HDU WR
PRXQWLQJ D FRQQHFWLRQ GHSOHWLRQ DWWDFN� �7KLV
FRPELQHG ZLWK WKH SUHYLRXV DVVXPSWLRQ \LHOGV
8J � �����

�� 3X]]OHV DUH FRQVWUXFWHG VXFK WKDW P y ��
)LQDOO\� ZH XVH WKH DYHUDJH WLPH UHTXLUHG WR VROYH D

SX]]OH LQ RUGHU WR SDUDPHWHUL]H WKH QXPEHU E RI EXoHU
VORWV LQ % GHYRWHG WR GHIHQGLQJ DJDLQVW DGYHUVDULDO DW�
WDFN� 6LQFH WKH H[SHFWHG WLPH WR VROYH D VXE�SX]]OH LV
�Nb� VWHSV� DQG D SX]]OH FRQWDLQV P VXE�SX]]OHV� WKH
QXPEHU RI EXoHU VORWV DQ DGYHUVDU\ FDQ IRUFH WKH VHUYHU
WR DOORFDWH ?RQ DYHUDJH� LQ WLPH 7 LV 7J �P�Nb��� :H
OHW F  E �7J P�Nb��  EP�Nb� 7J� 7KH YDULDEOH F
WKXV UHSUHVHQWV WKH UDWLR RI WKH FKRVHQ EXoHU VL]H WR
WKH EXoHU VL]H ZH ZRXOG H[SHFW DQ DGYHUVDU\ WR DWWDFN
VXFFHVVIXOO\ RQ DYHUDJH�

7KHRUHP � $VVXPH DQ DGYHUVDU\ ZLWK DW PRVW ���

0,36 RI FRPSXWLQJ SRZHU WKDW PRXQWV D FRQQHFWLRQ
GHSOHWLRQ DWWDFN IRU QR PRUH WKDQ D \HDU� $VVXPH
IXUWKHU WKDW SX]]OHV DUH FRQVWUXFWHG VXFK WKDW P y ��
7KHQ LI F y � � DQG E y ����� WKH SUREDELOLW\ WKDW WKH
DGYHUVDU\ LV DEOH WR PRXQW D VXFFHVVIXO DWWDFN LV OHVV
WKDQ �b����

3URRI� *LYHQ WKH FRQGLWLRQV P y �� F y � �� DQG
E y ����� VWUDLJKWIRUZDUG DSSOLFDWLRQ RI DOJHEUD WR
/HPPD � VKRZV WKDW S%�

x 8JHb��� �LQ IDFW� S%�
LV

VXEVWDQWLDOO\ OHVV WKDQ 8JHb����� 2EVHUYH WKDW DSSUR�
SULDWH VXEVWLWXWLRQ RI F LQWR WKH H[SRQHQW LQ /HPPD �
\LHOGV S%�

x 8J�H[S�b��EP �����b�� �F����� 7KHUH�
IRUH� ZKHQ F y � � DQG E y ����� LW LV HDVLO\ VHHQ
WKDW S%�

x 8JHb���� %\ &RUROODU\ �� ZH FDQ ERXQG
WKH SUREDELOLW\ WKDW WKH DGYHUVDU\ LV DEOH WR PRXQW D
VXFFHVVIXO DWWDFN E\ S x �8JHb���� %\ DVVXPSWLRQ
8J � ���� 7KH WKHRUHP IROORZV� XW

5HPDUN 7KHRUHP � UHTXLUHV WKDW F y � � IRU WKH
FOLHQW SX]]OH SURWRFRO WR EH VXFFHVVIXO� ,Q RWKHU ZRUGV�
WKH EXoHU % PXVW EH � � WLPHV ODUJHU WKDQ ZH ZRXOG
H[SHFW WR GHIHQG DJDLQVW DQ DGYHUVDU\ ZLWK DYHUDJH
VXFFHVV LQ VROYLQJ FOLHQW SX]]OHV� %\ PHDQV RI D PRUH
pQH�JUDLQHG DQDO\VLV� LW LV SRVVLEOH WR VKRZ WKDW 7KH�
RUHP � KROGV IRU VXEVWDQWLDOO\ VPDOOHU F� ,Q IDFW� LW
KROGV IRU F VOLJKWO\ PRUH WKDQ �� 6XFK GHWDLOHG DQDO\�
VLV� WKRXJK� ZRXOG UHVXOW LQ D PXFK ORQJHU SURRI�
5RXJKO\ VSHDNLQJ� WKHUH DUH WZR IDFWRUV WKDW HQODUJH

WKH VL]H RI F UHTXLUHG E\ 7KHRUHP �� 7KH pUVW DULVHV
IURP %RXQGLQJ $VVXPSWLRQ �� ZH DVVXPH WKDW VXEPLW�
WLQJ DQ\ ORQJ VROXWLRQ WR D SX]]OH �UDWKHU WKDQ D FRUUHFW

ORQJ VROXWLRQ� LV VXrFLHQW WR FDXVH D EXoHU DOORFDWLRQ
LQ WKH VHUYHU� 7KLV DVVXPSWLRQ HQODUJHV F E\ DERXW
D IDFWRU RI �� 7KH VHFRQG IDFWRU DULVHV IURP %RXQG�
LQJ $VVXPSWLRQ �� 2XU GLYLVLRQ RI % LQWR EXoHUV %�

DQG %� LQ WKH SURSRUWLRQ � � � HQODUJHV F E\ D IDF�
WRU RI DERXW � �� �+HQFH� ZH ZRXOG H[SHFW WKH H[SR�
QHQW LQ /HPPD �� IRU LQVWDQFH� UHDOO\ WR EH FORVH WR
�EP ���b � F���� 7KH PLQLPXP EXoHU VL]H E LQ 7KH�
RUHP � LV VXEMHFW WR D VLPLODU HQODUJHPHQW GXH WR RXU
ERXQGLQJ DVVXPSWLRQV� 5DWKHU WKDQ PDNLQJ GLUHFW XVH
RI 7KHRUHP �� ZH UHFRPPHQG WKDW GHVLJQHUV RI UHDO�
ZRUOG FOLHQW SX]]OH SURWRFROV PDNH XVH RI WKH IROORZLQJ
KHXULVWLF�

+HXULVWLF � $VVXPH DQ DGYHUVDU\ ZLWK DW PRVW ���

0,36 RI FRPSXWLQJ SRZHU WKDW PRXQWV D FRQQHFWLRQ
GHSOHWLRQ DWWDFN IRU QR PRUH WKDQ D \HDU� $VVXPH
IXUWKHU WKDW SX]]OHV DUH FRQVWUXFWHG VXFK WKDW P y ��
7KHQ LI F y � � DQG E y ����� WKH SUREDELOLW\ WKDW WKH
DGYHUVDU\ LV DEOH WR PRXQW D VXFFHVVIXO DWWDFN LV OHVV
WKDQ �b���� XW


